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ABSTRACT. In this paper, we study equity risk management of stock portfo-
lios where the individual stock prices have downward jumps at the defaults of
an exogenous group of defaultable entities. The default times can come from
any type of credit portfolio model. In this setting, we derive computational
tractable formulas for several stock-related quantizes, such as loss distributions
of equity portfolios, and apply it to Value-at-Risk computations. In the portfo-
lio case, our study considers both small-time expansions of the loss-distribution
for a heterogeneous portfolio via a linearization of the loss, but also for general
time points when the stock portfolio is large and homogeneous and where we
use a conditional version of the law of large numbers. Most of the derived
formulas will heavily rely on the ability to efficiently compute the number
of defaults distribution of the entities in the exogenous group of corporates
negatively affecting the stock prices in our equity portfolio. We give several
numerical applications. For example, in a setting where the jumps in the stock
prices are at default times which are generated by a one-factor Gaussian cop-
ula model, we study the time evolution of Value-at-Risk (i.e. VaR as function
of time) for stock portfolios, both for a 20-day period and for a two-year pe-
riod. We also perform similar numerical VaR-studies in a setting where the
individual default intensities follow a CIR process. Our results are compared
with the corresponding VaR-values in both the Black-Scholes case and Kou
model with the same drift and volatility as in the jump-at-default models. Un-
surprisingly, we show that the VaR-values in stock portfolios with downward
jumps at defaults of external entities will have substantially higher VaR-values
compared to the corresponding Black-Scholes cases, but also compared with
VaR-numbers from the Kou model restricted to having only negative jumps.

1. Introduction. Simultaneous downward jumps in multiple stock prices at de-
faults of large companies is a very realistic feature. For example, at the default of
Lehmann Brothers on September 15th, 2008, there was a 4.5% drop in the Dow-
Jones Industrial Average index during the trading day, while the S&P 500 jumped
down nearly 5% the same day, see e.g. in [31]. Other more recent examples are the
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collapse of Silicon Valley Bank in March 2023 which caused a 6.6% and a 3.8% one-
day declines in the S&P 500 banking index and Europe’s STOXX banking index
respectively, see [46].

In this paper, we study equity risk management of stock portfolios where the
individual stock prices have simultaneous downward jumps at the defaults of an
exogenous group of defaultable entities, for example corporate or sovereign states.
By “exogenous”, here we mean that the entities, for example companies, will not be
represented in the stock portfolio, that is stocks issued by the defaultable corporates
are not present in the stock portfolio in our studies. The default times can come
from any type of credit portfolio model. In this setting, we derive computational
tractable formulas to several stock-related quantizes, for example the loss distribu-
tions of equity portfolios, and apply it to risk management computations, such as
Value-at-Risk of portfolios. We start with modeling an individual stock price and
derive expressions for the expected value, conditional expected value, density, and
distribution for the stock. In the stock portfolio case, our study considers both
small-time expansions of the loss-distribution to a heterogeneous portfolio via a lin-
earization of the loss, but also for general time points when the stock portfolio is
large and homogeneous, where we utilize a conditional version of the law of large
numbers for a homogeneous stock portfolio. Most of the formulas in this paper will
heavily rely on the ability to efficiently compute the number of defaults distribution
of the entities in the exogenous group which are negatively affecting the stock prices
in our equity portfolio. In the case when the stock prices are unaffected by the ex-
ogenous defaults, our stock price model collapses into the traditional Black-Scholes
model under the real probability measure. Finally, we give several numerical appli-
cations. For example, in a setting where the jumps in the stock prices are at default
times which are generated by a one-factor Gaussian copula model, we study the time
evolution of Value-at-Risk (i.e. VaR as function of time) for stock portfolios, both
for a 20-day period with one-day steps and for a two-year period with one-month
steps. In the 20-day period we use the linear approximation for the loss-process,
while for the two-year period we utilize a large portfolio approximation formula for
the loss-process to a large homogeneous stock portfolio. We also perform similar
studies when the default times are generated by a Clayton copula model. Further-
more, in a setting where the jumps in the stock price are at default times which
have CIR~intensities, we also study the time evolution of Value-at-Risk for one stock
over a two-year period. In all our numerical computations, we compare our results
with the corresponding VaR-values in the Black-Scholes case with the same drift
and volatility as in the jump models and in some cases also with the [32] model
restricted to only having negative jumps with suitable chosen jump parameters to
make the comparison fair. Unsurprisingly, we show that the VaR-values in stock
portfolios with stock that jump downward at defaults of external companies will
have substantially higher VaR-values compared to the corresponding Black-Scholes
cases, and also much higher than those VaR-metricis coming from the [32] model
with only negative jumps. The numerical computations of the number of default
distributions will in all our VaR-studies use fast and efficient saddlepoint methods
developed in [25].

There exists a huge amount of academic papers that model stock prices with
jumps, and a vast majority of these articles which contains numerical/practical
examples consider the case where jump times are driven by some sort of Poisson
process. Furthermore, most of the jump-related equity papers model the stock price
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directly under the risk neutral probability measure and then apply the model for
option pricing, such as, e.g., the original paper by [41]. An example of an article
that actually models the stock price under the real (physical) probability measure
is the seminal paper [32], where the stock price jump either up or down at random
times driven by a Poisson process with constant intensity. [32] mainly studied option
pricing directly under the real probability measure by using asset pricing theory,
consumption utilization, and the Euler equation, where both the endowment process
and the stock price follows the type of jump diffusion as defined in [32]. More about
option pricing models for stocks with jumps driven by Poisson processes (such as
Levy processes) can be found in, e.g., the books [48] or [12].

In this paper, all jumps in the stock prices are downward jumps occurring at the
defaults in an exogenous group of defaultable entities. Hence, in this paper we have
explicitly inserted “external” credit risk (from the external group of defaultable
entities) into the equity dynamics or our stock price, effectively creating a type of
hybrid risk model. Thus, the stock price model in this paper involves both equity
and credit risk, although the credit risk comes from an external group of defaultable
entities which can be corporate or sovereign states. Furthermore, we work under
the real (physical) probability measure and focus on risk management, such as VaR
computations of stock portfolios. To the best of our knowledge, this is the first
paper that numerically computes VaR and related risk management quantities for
stock portfolios where all the stock prices have simultaneous jumps at defaults in
an external group of arbitrarily many defaultable entities.

Assuming only negative jumps in the stock prices will lead to a more conser-
vative or prudent equity portfolio model which implies larger Value-at-Risk losses
compared to a model which also includes positive jumps. Including only nega-
tive jumps in stock prices for, e.g., VaR-models should therefore be more favorable
among financial regulators (such as e.g. SEC, FCA, BaFin etc.) compared with
frameworks that also contain positive jumps in equity prices. In our model, it is
possible to add another jump process in the dynamics of the stock price, for ex-
ample a Poisson process with constant intensity and with positive jumps, e.g., as
in [32]. However, in this paper we are only interested in studying the effect of
external credit risk on stock prices coming from the external group of defaultable
entities, and therefore our jump-part in the dynamics of the stock will only include
negative jumps occurring at the external default times. Furthermore, if the default-
able entities used in our stock price model have issued bonds (or stocks) which are
publicly traded on major financial markets, then typically their default times are
exogenously observed, as for example the default of Lehmann Brothers in 2008. On
the other hand, if a Poisson process drives the times when the stock price jumps,
then these jump times can be difficult to observe exogenously and also difficult to
assign to a specific financial event.

We want to emphasize that we in this paper do not focus on how to estimate
the involved parameters describing our stock model, including the parameters for
the defaultable entities affecting the equity prices. Instead, the main goal of this
paper is to derive analytical stock portfolio quantities in our equity-credit hybrid
model and then use these to numerically study the time evolution of VaR for equity
portfolios and compare the VaR numbers with corresponding values coming from
alternative models, such as the Kou model and the Black-Scholes model. The topic
of estimating parameters in stock price models with jumps under the real probabil-
ity measure is a complex problem, see for example [16,33] and [37], which all focus
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on jumps coming from Poisson processes and not from exogenous defaults as in this
paper. Furthermore, since the number of defaults of large companies are scarce, es-
timation of the parameters for the defaultable entities under the physical probability
measure is also challenging and in fact a completely separate credit risk problem not
connected to our stock price model. However, to get a better understanding of how
VaR-values in our stock price model are affected by the credit parameters, [25] in-
vestigated stock portfolio VaR as function of some of the parameters describing the
defaultable entities, such as the one-factor Gaussian copula correlation parameter
when it runs through an interval on the positive real line bounded by one.

The rest of this paper is organized as follows. First, in Section 2 we consider one
stock where the stock price can jump at default times belonging to an exogenous
group of defaultable entities, and then derive all relevant quantities, such as the
expected value, conditional expected value, density, and distribution both for the
stock and its loss process. Next, in Section 3 we prove that the stock price model in
this paper can never be equal in distribution with a model where the m default times
are replaced with the m first jumps of some Cox process, in particular not a Markov-
modulated Poisson process, where m is the number of defaultable entities affecting
the stock price. Hence, the model presented in this paper is unique in the sense that
it can not be seen as a special case of, e.g., the papers [9] or [32], or any other model
based on [32] where the Poisson process is replaced with a Cox process and where
all jumps in the stock price are negative and have the same distribution. In Section
4, we generalize the single-stock dynamics in Section 2 to a heterogeneous portfolio
of stocks and define the loss process for the stock portfolio. Furthermore, for small
time points we make a linearization of the portfolio loss process and then derive a
computationally tractable expression for the distribution of the linearized loss. For
larger time points ¢, the linear approximations to the stock portfolio in Section 2
will fail, but in Section 5 we outline a method that will work for arbitrary time
points for large homogeneous stock portfolios and derive a convenient expression
for the distribution of the portfolio loss in such settings by using large portfolio
approximations. In Section 6, we present a version of the [32] model restricted to
only having negative jumps and also derive some important quantities which will
be used in the numerical section were we compare stock portfolio VaR-values in
this Kou model with corresponding VaR-numbers coming from an equity model
with jumps at defaults outlined in Section 5. In the numerical part of the paper
covered in Section 7-10, we give several practical applications of our developed stock
price model. First, in Section 7 we study Value-at-Risk over a two-year period for
the loss of one single stock when the stock price is defined as in Section 2 in a
model where the default times are exchangeable, conditionally independent, and
have CIR-intensities. In Section 8, we repeat similar VaR-studies as in Section 7,
but now for a portfolio of stocks in a setting with jumps in all stock prices occurring
at default times driven by a one-factor copula model, and by using the small-time
expansion formulas for the loss process derived in Section 4. In the Gaussian copula
model, in Section 8 we also do VaR computations for large stock portfolios by using
the large portfolio approximation formulas derived in Section 5, both for a 20-day
period in time steps of one trading day, but also over a two-year period in time
steps of one month. In Section 9, we repeat the same type of studies as in Section
8, but now for a Clayton copula in the large homogeneous stock portfolio case.
All computations done in Sections 7-9 heavily rely on efficient numerical methods
developed in [25] for computing the distribution of the number of defaults among
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the defaultable entities creating the jumps in the stock prices. Finally, in Section 10
we compute VaR for a stock portfolio model derived from the [32] model, restricted
to only having negative jumps, as outlined in Section 6, and then compare these
VaR-values with the corresponding VaR-metrics coming from our jump-at-defaults
model for a one-factor Gaussian copula model as outlined in Section 5.

2. The one-dimensional case. In this subsection, we consider one stock where
the stock price can jump at default times belonging to an exogenous group of
defaultable entities. We first define the dynamics of the stock price under the real
(physical) probability measure P that will be used throughout the first sections of
the paper. Furthermore, we also derive all relevant quantities for the single stock,
such as the expected value, conditional expected value, density, and distribution
both for the stock and its loss process. We start with the following definition of the
stock price.

Definition 2.1. Consider a group of m defaultable entities Cy,...,C,, with in-
dividual default times 71,72 ..., Tm, and let Vi, ..., V,, be random variables which
have bounded expected values, satisfy v, > —1, and are independent of 7y, 7o ..., Ty,.
Let company A be an entity which does not belong to the group Cq,...,C,,, and
let Sy denote the price of the stock to company A at time ¢t. The dynamics of S;
under the real probability measure P is defined as

dS; = S;_dY; (2.1)
where Y; is given by
Y =pt+ oW+ Vilr<y (2.2)
i=1
aNnd Wt~is Brownian motion independent of the default times m,7%...,7, and

Vi,..., V. Finally, 0 > 0 is the so called volatility and p is denoted as the drift of
the stock price S;.

Remark 2.2. We remark that the default times 7,75 ..., 7, in Definition 2.1
can come from any credit portfolio model as long as the jumps Vi,... , V, in the
stock prices at the default times 79,75 ...,7, are independent of these defaults
and also independent of the Brownian motion. We can, for example work, with
heterogeneous or homogeneous copula based models studied in, e.g., [1,8,14,19,29,
35, 36], or heterogeneous or homogeneous conditional independent intensity based
models, such as in [3-5], and [2], as well as heterogeneous or homogeneous contagion
models studied in, e.g., [10,11,17,20-24,27,34], and [18].

Remark 2.3. Relation to the model [32]. Note that the stock price S; in
Definition 2.1 is related to the seminal paper [32]. The main difference between
[32] and Definition 2.1 is that [32] considers jumps coming from a Poisson process
with constant intensity, implying possibly infinity many jumps, while the jumps in
Definition 2.1 are due to the default times 71,75 ..., 7, which comes from a finite
group of m defaultable entities Cq,...,C,,. Hence, Definition 2.1 implies that
at each default time 7; among the m entities Cq,...,C,,, the stock price S; will
jump so that AS;, # 0 and the jump-times of S; therefore have a direct financial
interpretation, namely the default times 7, among the firms Cq,...,C,,. Hence,
the major difference between S; in Definition 2.1 in this paper and the model by [32]
is that in Definition 2.1 we have explicitly inserted “external” credit risk (from the
external group Ci,...,C,,) into the equity dynamics for S;, effectively creating
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a type of hybrid risk model, that is, the stock price model S; involves both equity
and credit risk, although the credit risk comes from an external group of m entities
Cy,...,C,,. In Definition 2.1, it is possible to add another jump process in the
dynamics of S, for example a Poisson process with constant intensity which jumps
just as in [32]. However, in this paper we are only interested in studying the effect
of external credit risk on Sy coming from the external group of defaultable entities
Ci,...,C,,, and therefore our jump-part in the dynamics of S; will only include
the jumps coming from the default times 7,75 ...,7, of Cq,...,C,,. Another
remark is that [32] mainly studies option pricing directly under the real measure P
by using the Euler equation where both the endowment process and the stock price
follows the type of jump diffusion as given in Section 2 of [32], and where the utility
function has the special form U(c,t) = e_gt% for0 < a < lorU(c,t) = e Incfor
a = 0. In this paper, we will focus on equity risk management of stock portfolios
(such as Value-at-Risk) where the individual stock prices have downward jumps
down at the defaults of an exogenous group of defaultable entities Cy,...,C,,, as
given in Definition 2.1, and we will consider both univariate and multivariate stock
portfolios, as well as the case where the number of stocks in the portfolio is large.
In our Value-at-Risk studies of the stock portfolios, we are in particularly interested
in studying the effect of external credit risk coming from the external defaultable
group of entities.

Finally, we remark that if the defaultable entities Cq, ..., C,, have issued bonds
and/or stocks which are publicly traded on major financial markets, then typically
the default times 71,75 ..., 7, are directly observable on the market, and the ob-
servations are exogenously observed regardless of if the stock price model for S;
includes these defaults or not. This has to be compared with if a Poisson process
drives the jumps which can be difficult to observe exogenously and also difficult to
assign to specific financial events.

Remark 2.4. On the possiblity to include company A in the group Cy,...,
C,,. We remark that, in Definition 2.1, it is possible to let company A be one of
the entities Cy,...,C,,, for example A = C,, where we then set f/m = —1 so
that S; = 0 for 7,,, < t where 7, is the default time of A. Including A in the
group Cq,...,C,, where, e.g., A = C,, will create an extra complexity in the
stock-related formulas, in particular if the default time of A will be correlated with
the default times of Cyq,...,C,,_1. However, in this paper we are only interested
in studying the effect of external credit risk coming from the external defaultable
group of entities Cy,...,C,, (for example when studying how the external credit
risk affect Value-at-Risk for S;), and we will therefore in this paper always assume
that company A will not belong to the defaultable group Cq,...,C,,.

Remark 2.5. Stochastic volatility. In the dynamics of Definition 2.1, it is
possible to replace the constant volatility with, e.g., a stochastic volatility, as in
the Heston model presented in [28]. However, allowing for a stochastic volatility
such as in [28] will no longer lead to closed-formulas for the stock price dynamics
or semi-closed formulas for the portfolio loss distribution. Instead, we have to rely
on Fourier inversion techniques (e.g. FFT-methods) to find the distribution of the
stock portfolio losses, which will make the Value-at-Risk computations much more
time-consuming. Therefore, will in this paper not consider stochastic volatilities in
the stock price model given by Definition 2.1.
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We now state the following useful proposition which is proved in Subsection A.1
of Appendix A.

Proposition 2.6. Let S; be a stock price given by Definition 2.1 under the real
probability measure P. Then, with notation as above, we have

1 i ~
St = SO exp ((,LL — 20'2) t+ O'Wt> H (1 + ‘/Zl{Tlgt}) . (23)

i=1

Let V; be the random variable in Definition 2.1 connected to default of company
C,; at the random default time 7; in Definition 2.1. Then, Proposition 2.6 implies
that for any default time 7; among the m entities Cy, ..., C,,, we have that

S,

- S. —S,_ -
Sr =8-_ (1 + Vi) or equivalently ————— =1V;

Sr,—
i.e., there is a relative jump of random size V; of the stock price S; to company A
at the default time 7; of entity C;, where we remind that V> —1.

Note that if there are no jumps at the defaults of Cq,...,C,,, that is, if V,=0
for all k in Definition 2.1, then (2.3) in Proposition 2.6 implies that we are back in
the classical Black-Scholes model under the real (physical) probability measure P,
with drift 4 and volatility o, that is

1
Sy = Spexp <(u - 202> t+ O'Wt> . (2.4)

In the paper [32], the jumps V; can be both positive or negative, where the jumps
occur at the arrivals of a Poission process, implying that the stock price can jump
both up and down. In this paper, we will consider all defaults among the m entities
Cq,...,C,, in Definition 2.1 as negative news for company A, implying that the
relative jumps V; of the stock price S; to company A at each default of Cq,. .., Cyp,
will be negative. Hence, in this paper the stock price S; will jump downwards at

the default times 7,75 ..., Ty,. Furthermore, we define f/l as follows.
Definition 2.7. Let Uy, ..., U,, be arbitrary non-negative random variables which
have bounded expected values, are independent of the default times 7,72 ..., 7

and are also independent of W; in Definition 2.7. Then, we define the negative
random variables Vi,...,V,, as

Vi=e Vi1 (2.5)
for each defaultable entity Cq,...,C,,.

From (2.5), it is easy to see that
Vil{ngt} = exp <_Ui]-{7—i§t}> —1 forallt>0

so that

m

=1

i=1

Hence, in view of Definition 2.10 and Equation (2.6), we state the following corollary
to Proposition 2.6.
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Corollary 2.8. Let S be a stock price given by Definition 2.1 under the real prob-

ability measure P and where the jumps Vi,...,Vy, are distributed as in Definition
2.7 via the arbitrary non-negative random variables Uy, ...,U,, € Li. Then, with

notation as above, we have

1 LA
Sy = Sp exp <<‘u — 20—2> t+ oW, — Z Uil{ngt}> . (27)

i=1
In this paper, we are primary interested in finding computationally tractable
expressions for the distribution of the stock price S;, and use this distribution in
various risk management applications under the real probability measure P. Under
Definition 2.1 and Definition 2.7 with heterogeneous distributions for Ui,...,Up,
it is then clear from Corollary 2.8 that the distribution of the stock price S; will be
a sum containing up to 2™ different terms. Furthermore, to find the P[S; < z] we
need, for each set of defaultable entitles iy, = (i1,...,i), ix C {1,...,m} among the
group Cy,...,C,,, to be able to find expressions for the distribution of 22:1 UM
Note that there are (7;) different ways to pick out a subset i C {1,...,m} such
that i = (i1,...,4), which represents the defaults of the k entities C,,,...,C;,
among the m entities Cy,...,C,,, and where the ordering of i1,...,4 is ignored.
The ordering of how the group C;,,...,C;, defaults is not important, explaining
the term (’2) compared to the case where ordering matters, which leads to k‘(’;’;)
different ways to pick out ix. The reason why we can ignore the ordering of the
defaults follows from the structure of the jumps in (2.7) in Corollary 2.8 where we
only need to keep track of if an entity C; has defaulted or not. Thus, the total
number of possible distinct terms in the expression for P[S; < z] will be

" (m

=2m.
(%)
For example, if m = 15 with m different distributions of Uy, ..., U, this will then
lead to up to possibly 2'° = 32768 different terms in the distribution P[S; < x].
These observations makes the definition of the stock price S; in Definition 2.1 and
Definition 2.7 with heterogeneous distributions for Ul, ey ﬁm unusable from a prac-
tical point of view, even for moderate sizes m of the group of entities Cy,...,C,,
that affect the stock price.

However, if Uy, ...,U,, are exchangeable, for example if Uy,..., U, is an i.i.d
sequence and thus are homogeneous in their distributions, then the number of terms
in the sums for P [S; < z] will reduce from 2™ to just m terms, which will be practical
to handle for very large m-values, such as m > 100 entities in the group Cy, ..., C,,.
To see why the terms reduce from 2™ to m, let Nt(m) be a point process that counts
the number of defaults among the m defaultable entities Cq, ..., C,, with default
times 11,7 ..., Ty, that is

m
Ny =3 sy - (2.8)
i=1
Furthermore, if 01, ceey Uy, is an iid sequence and if Uy, ...,Up, is another i.i.d
sequence with the same distribution as Uy, ..., U,,, then we have that

m
Ny

S Uilgrey £ U, (2.9)
i=1

n=1
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where Nt(m) is defined as in (2.8), so Corollary 2.8 and (2.9) therefore imply that

Nt(WL)

1
S, £ Sgexp (u - 202) t+ oW, — nz_:l Un (2.10)

where we remind that for two random variables X and Y, the notation X Ly
means that X and Y have the same distribution. In view of Equation (2.9)-(2.10),
we will sometimes use the notation Uy, ...,U,, and V;,...,V,, instead of Uy, ..., U,,

and Vl, R Vm, and sometimes write S; = ... instead of S; < . in Equation (2.10).

Remark 2.9. The reason why the exchangeability of the jumps Ui, ..., U,, are
important is that, if this is not true, we have to keep track of which of the com-
panies Cy,...,C,, have defaulted up to time ¢, while in the exchangeability case
for Uy,...,U,, we only need to keep track of how many of Cy,...,C,, that have
defaulted up to time ¢, i.e. we only need to model Nt(m) defined as in (2.8).

Next, we make the following assumption on Uy, ...,U,, and Vq,..., V.

Definition 2.10. Let Uy,...,U,, be an i.i.d sequence of exponentially distributed
random variables which are independent of W, and also independent of the default

times 71,72 ..., Tm. Then, we define the i.i.d sequence V7,...,V,, as
1

Vo=e U —1 where U,<Exp(y) with E[U,]=-—. (2.11)
n

From (2.11) in Definition 2.1, we see that U, is exponentially distributed with
density ne="" for v > 0, and that V,, > —1 for each n.

Remark 2.11. Note that if n — oo, then U,, — 0 almost surely under P, so with
a slight abuse of notation, we can identify U, = 0 with “n = c0”.

The definition in (2.11) is similar to the one on p.1087 in [32], but where we here
restrict ourselves to only negative jumps in stock price, while [32] allows for both
positive and negative stock price jumps. Assuming only negative jumps as in our
model will lead to a more conservative or prudent stock price model which in partic-
ular will lead to larger Value-at-Risk losses, and should therefore be more favourable
among financial regulators (such as e.g. SEC, FCA, BaFin etc.) compared with
models that also includes positive jumps in stock prices.

Remark 2.12. Note that our choice of U; in Definition 2.1 as an exponentially dis-
tributed variable will together with the exchangeability condition lead to analytical
expressions for the distribution of Sy, but also for the stock portfolio losses studied
in Section 4 and Section 5. Another choice of U; leading to analytical expressions
for the portfolio loss distributions is a normal distribution, see e.g in [41]. How-
ever, sums of i.i.d normal distributions will have a non-zero probability of attaining
positive values, even though the individual means are negative. Note that having
positive jumps in stocks at defaults of large corporates is very unusual. For exam-
ple, at the default of Lehmann Brothers on September 15th, 2008, there was a 4.5%
drop in the Dow-Jones Industrial Average index during the trading day, while the
S&P 500 jumped down nearly 5% the same day, see in [31].

In view of Definition 2.10 and Equation (2.10), we state the following corollary
to Proposition 2.6.



10 ALEXANDER HERBERTSSON

Corollary 2.13. Let S; be a stock price given by Definition 2.1 under the real
probability measure P where the jumps Vi, ...,V are distributed as Vi,...,Vy, in
Definition 2.10 with n > 0. Then, with notation as above,

N

1
Sy 4 Sp exp (u — 202) t+oW; — Z U, | . (2.12)
n=1

Next, define the loss process LES) for the stock Sy at time ¢ with reference to the
starting time 0, as
LY = — (S, — S,) (2.13)

)

where we note that a gain implies that the loss L§S is negative. We are interested

in computing Value-at-Risk for L§S) in our model for a stock price with jumps at
defaults, that is, we want to compute

VaR. (L,ES)) — inf {y ER:P [Lﬁ*” > y] <1- a} — inf {y ER:F,5(y) > a}
(2.14)
where F), (s)() is the distribution of L,ES) and « is the confidence level, typically

given by 95%,99%, or 99.9%, that is, a = 0.95,« = 0.99, or o = 0.999. So, if S; is
given as in Definition 2.1 with jumps as in Definition 2.10, then in view of Corollary
2.13, the loss L,ES) in (4.9) can be reformulated as

N(m)
1 t
Lgs) L8, |1- exp (u . 202> t+ oW, — Z U, (2.15)
n=1

where for any ¢t > 0 we have sup LES) = Sy, since S; > 0 almost surely. Next, we
state the following useful theorem which is proved in Subsection A.2 of Appendix
A.

Theorem 2.14. Let Sy be a stock price under the real probability measure P defined
as in Corollary 2.13. Then, with notation as above, we have that

Ni™ k
E [St | Nt(m)} = Spet <7)Z1> where  E {St |Nt(m) = k} — Syett (njrl)
(2.16)

fork=0,1,2,...,m and

Nt(m) m k
E[S] = Soe™E (7711) = Spe' Y (7’11) P [me) - k} . (2.17)
k=0

Furthermore,
m
PS < a] = > Wi (@, 1,0, S0,0) P [N = k] (2.18)

k=0

where the mappings Yy, (z,t, u,o,u,n) for u >0 are defined as
\I/k: (l’, t7 H,0o,u, T])

_ /OO‘I) <lnﬁ o %02)75““’) ne™" (y)*~
0

1

N = 1) dy for 0<k<m (2.19)
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and Yo (x,t, p,o,u,m) for u >0 is given by

InZ— (p—3102)t
\po(x,t,u,a,u,n):@(“u (i~ 57%) ) (2.20)

oVt

where ®(x) is the distribution function of a standard normal random variable. Fur-
thermore,

Fy () =P [L@ < x} —1- Em: U (1 - S%’t’“’ 7, 1m> P [Nt(m) - k] (2.21)
k=0

where © < Sy, and for any t > 0, we have sup L§S> = So. The density fs, (x) of St
is given by

fo, (Z):Zwk($>taﬂ70750,ﬂ)P[Nt(m) :k:| fOT’Z>O,t>0 (222)
k=0

where the mappings Y, (x,t, 1, 0, S0,n) for So > 0,2 > 0,andt > 0 are defined as
1/% (ZE, t? M, o, S07 77)
_ /oo<p <ln5:o —(n- §02)t+y> ne”™ (ny)"
0

dy for 0<k<m

rov/t o/t (k—1)!
(2.23)
and o (x,t, u,a,S0,m) for Sy > 0 is given by
1 In g — (p—30%)¢
T, ¢, [y aS ; = . 2.24
Yo (.1, 1,0, 50,m) m\/%so< Y (2.24)

22
where p(x) = \/%e T is the density of a standard normal random variable.

A full proof of Theorem 2.14 is given in Subsection A.2 of Appendix A.
‘We now make some remarks connected to Theorem 2.14.

Remark 2.15. As pointed out in Remark 2.3, if the defaultable entities Cy, ..., C,,
have issued bonds and/or stocks which are publicly traded on major financial mar-
kets, then typically the default times 71,72 ..., 7, are directly observable on the
market at the defaults, and these observations are done exogenously without the
knowledge of S;, that is, regardless if the stock price model for S; includes the
defaults or not. Hence, the point process Nt(m) = ZZ’;I 1¢r,<¢y is in practice al-
ways observable, making the quantities E {St |Nt(m)} and E {St \ Nt(m) = k| given
by (2.16) in Theorem 2.14 realistic to compute under the real probability measure
P. If the default times 71,75 ..., 7, are unobservable on the market, and therefore

also making the counting process Nt(m) unobservable, or if the jumps come from a
Poisson process with arrival times that lack financial interpretation, and therefore
could not be observed directly, then it less clear how to compute, e.g., the quantity

E {St | Nt(m)} in practice, since Nt(m) would not be known to us. Note however that

E[S¢] in (2.17) will always be possible to compute, regardless if Nt(m) is observable

or not, since to find E[S;] we do not need the exact value of Nt(m), but only its
distribution.
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Note that the n-parameter in the mapping ¥y (z,t, u, 0, So, ps,n) in (2.20) for
k = 0 will have no impact, and is only present for notational convenience given the
sum in the expression of (2.18) which runs from k& =0 to k = m.

Some remarks on the expected stock price. Let St(BS) be the stock price in
the Black-Scholes model under the real probability measure P given by (2.4), that
is

St(BS) = Spexp (<,u - ;02> t+ UWt) (2.25)

so that
E [St(BS)] — Speht . (2.26)

Let S; be a stock price given by Definition 2.1 under the real probability measure
P and where the jumps f/l, e V,, are distributed as Vi,...,Vy in Definition 2.10
with 7 > 0. Then, Equation (2.17) in Theorem 2.14 together with (2.26) implies
that

N{™

E[S;] = E [st(BS)} E <nZl> . (2.27)

Nf?'m)
We clearly see that if 0 < 1 < oo, then E l(nil) ] < 1, and therefore (2.27)

implies the relationship
E[S:] < E {St(BS)} when 0 <7 < o0 (2.28)

which is intuitively clear since the S; will always have negative relative jumps at any
default time 7; where Nt(m) = > 1{r.<4y, that is, for the same W; in S; given by
Corollary (2.13) as in St(BS) in (2.25), then Corollary (2.13) implies that S; < St(BS)
almost surely under P. If U,, = 0 for all n (or if “n = c0”, see in Remark 2.11),
this means that there will be no jumps at the defaults 7;, and S; will coincide with

the Black-Scholes price S§BS), that is S; = St(BS) as stated in Equation (2.25), so
E[S)]=E [St(BS)}. We note that

(m) (m)
o 0 N} Nt(m) " N™ 41
Sy f (R =K - >0 forn>0 2.29
on (77+1> n* \n+1 o (2.29)

N
so E l(nil) ' ] is strictly increasing in 1 > 0. Therefore, for a fixed time point

N

t, and for any 0 < 8 < 1, the equation E ( 1 ) = S will have a unique

7+l

solution in n = n(B,t). This can be used when calibrating 7. For example, if we

assume that the default counting process Nt(m) will make the expected value of the

stock price S; to 8 = 90% of the corresponding expected value of the Black stock
. (BS) . .

price S; ", up to time, say 7', that is

E[Sy] = BE [S(TBS)} (2.30)
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then (2.27) and (2.30) imply for any 0 < 8 < 1 that

N("”)
n T
E <77+1) =0 (2.31)

which have a unique solution in n* = n(8,T) > 0, and for most credit portfolio
models this solution 1* has to be found numerically. Finally, we will often consider
the equation E [St] = Sp, so from (2.26), (2.30), and (2.31), we see that when u > 0,
then

N(‘m)
. . n i —uT
E[St] =S if and only if E |[—— =e M 2.32
(57 = vit E|() (2:32)
where we note that the condition E[S7] = Sy implies that the defaults among
the entities Cyq,...,C,, “wipes” out the expected log-growth for a corresponding

Black-Scholes model with drift 4 up to time 7. We will use condition (2.32) when
calibrating 7 in our numerical studies presented in Section 7, 8, 9, and 10.

VaR-expressions and related quantities. Given formula (2.21) for the distri-
bution of the stock price loss process FL(s> (x) in Theorem 2.14, we will be able to
t

find Value-at-Risk for LES) with confidence level a, denoted by VaR, (LES)), since

from (2.14) and the fact that S; is a continuous random variable, then

VaR, (L,ES)) =Fib(0) sothat Fye (VaRa (LgS))) = a (2.33)

where the second equation in (2.33) will be solved numerically to find VaR,, LES)).

In the case where there are now jump at the defaults, i.e. when U,, = 0 for all n, or
equivalently, in view of Remark 2.11, if “np = 00”, then S; = St(BS) with St(BS) given
by Equation (2.4), and the expression for VaR,, <L§5)> in (2.33) can then be solved

analytically, denoted by VaRE® (Lgs)>, and given as

VaRPS (LES)> =S (1 — exp <a\/%<1>—1 (1-a)+ (u - ;&) t)) L (2.34)

We will later in the numerical section use VaR5® (L§S)) in (2.34) for the Black-
Scholes model when comparing with VaR, (L,gs)) coming from a stock price Sy

with jumps at the default arrivals in Nt(m) and where n > 0.
We finally remark that almost all formulas in Theorem 2.14 require efficient and

quick methods of computing the number of default distribution P [Nt(m) = k} .

3. Comparison with stock price models where jump times are driven
by Cox processes. Let S; be a stock price under the real probability measure
P defined as in Corollary 2.13 where the jump process Nt(m) is given by (2.8),
that is Nt(m) =" l{r,<ty and 71,72 ..., Ty are the default times of the entities
Cy,...,C,,. Here, we remind that the default times 71,75 ..., 7, creating Nt(m) =
2?;1 1{7,<¢y can come from any credit portfolio model as long as the log-jumps in
the stock price S; in are independent of these defaults and also independent of the
Brownian motion in the exponent of S;, see also Remark 2.2.
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A relevant question is if the model for the stock price S; in Corollary 2.13 can be
obtained, or replicated, by a model where Nt(m) is replaced with a Cox process Ny
with some stochastic intensity \; adapted to some given filtration F;. The question
can be reformulated as follows: does there exist a Cox process INV; such that Nt(m)
is equal in distribution with N; for the m first jumps for all time points ¢ > 0.
The family of Cox processes, sometimes also denoted as doubly stochastic Pois-
son processes, includes, among others, standard Poisson processes, inhomogeneous
Poisson processes, Markov-modulated Poisson processes, and many other counting
processes. There are several equivalent definitions of a Cox process. Here, we use a
somewhat modified version of the definition in [7].

Definition 3.1. Cox processes (doubly stochastic Poisson process). Let N;
be a point process adapted to the filtration F;, and let A\; be a nonnegative process
such that \; is Fp-measurable for all t > 0 and

¢
/ Asds < oo P-as. forallt>0. (3.1)
0

Then, if for all 0 < s < t and for all integers k > 0 we have

. k
‘ (S Nudu)
P[N; — Ny = k| Fs] = exp (—/ )\udu> e

we say that Ny is a (P, F;)-doubly stochastic Poisson process, or for short, a doubly
stochastic Poisson process, or with a different terminology, an F; Cox process driven
by )\t.

(3.2)

An intuitive way to view a Cox process is that we first draw the realization of
At, then conditional of knowing \;, we obtain the Cox process as an inhomogeneous
Poisson process with intensity ;. In practice, the filtration F; will often be on the
form F; = GX vV H; where G¥ = 0 (X,;s <t) and X, is a stochastic process, and
At = A(X;) for some non-negative mapping A(-) : R — RT. Furthermore, H; is
typically a filtration generated by N; or the jump times of N; up to time ¢. For
more on practical settings regarding filtrations for Cox processes, see in [6].

Remark 3.2. Note that Definition 3.1 for a Cox process with intensity A; only
makes sense if \; > 0 for some ¢ with strictly positive probability, since if this is
not true we have that \; = 0 for all ¢ > 0 P a.s, and then (3.2) implies that N; = 0
almost surely under P. Hence, if Ay = 0 for all £ > 0 P a.s, then the Cox process
N, will never jump. Thus, when we talk about a Cox process Ny with intensity A;
defined as in (3.1), we always assume that P [A\; > 0 for some ¢] > 0 since otherwise
N; = 0 almost surely under P.

If {Sk} are the jump times of a Cox process N, we obviously have that

oo
Ny = ls.<y (3.3)
k=1
where S; < Sp4q for k = 1,2,.... One can construct the infinite sequence {Sj}

recursively via the process A; and an infinite i.i.d sequence { Ej } of exponentially dis-
tributed random variables with parameter one in a similar way as when constructing
an inhomogeneous Poisson process with deterministic time dependent intensity.
Now, going back to our original question in this section, we ask if it is possible
to “replicate” the stock price model for S; in Corollary 2.13, either almost surely
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or in distribution, with a model where Nt(m) is replaced by a Cox process N; with
some stochastic intensity A;. Hence, in view of Corollary 2.13, we ask if there exists
a Cox process N; with some stochastic intensity A; such that

Ny
1
Sp exp <<,u — 202> t+oW; — Z Un) Lit<Smin}
n=1
1 Ny
4 Sp exp (u — 2U2> t+ oW, — Z U, (3.4)
n=1

for all t > 0, which is equivalent with asking if there exists a Cox process N; with
some stochastic intensity A; such that

Nilpes, .3 = N™  forallt >0 (3.5)

where Nt(m) is defined as in (2.8). Intuitively, it is clear that (3.5) is false since Nt(m)
have support on the finite set {0,1,...,m}, while N; have support on the countable
infinite set of natural integers as seen in (3.2), and we next formalize this idea as a
theorem. Hence, we next prove that (3.5) is impossible for a Cox process N; with
some stochastic intensity \;, and therefore (3.4) is impossible for a Cox process N;.

Theorem 3.3. Consider an arbitrary credit portfolio model with default times

T, To...,Tm and the process Nt(m) = 2111 Lir,<ty- Then, there exists no Cox

d Nt(m) for allt > 0.

m+1}

process Ny such that Nylgi<g

Proof. We prove our theorem by contradiction. First, assume that (3.5) holds, that
is, assume that there exists a Cox process N; with some stochastic intensity A; such
that

Nilgics 4 Nt(m) forallt >0 (3.6)

m+1}

where N{™ =S L{r,<¢}- By Remark 3.2, we have that P [\; > 0 for some ¢] > 0,
since otherwise N; = 0 almost surely under P. Next, for any credit portfolio model
with default times 71,75 ..., 7,n, We have

and
IF’[Nt(m):k}:O for k >mand t >0 (3.8)

since Nt(m) =y, 1{r,<¢}, and can thus never be bigger than m. Hence, it obvi-
ously holds that

iP{Nt(m):k} —1fort>0. (3.9)
k=0

Next, since we assume that (3.6) is true, then (3.6) implies that
P [Nilgres, iy =K =P [N(™ =k| fork=0,1,...,mandt>0. (3.10)

Note that if Nylycg,, .,y = k for & < m, then Sy <t < Sky1. Also note that
Sk < Spmaq for Kk = 1,...,m, so if & < m, then Sy < ¢t < Sky1 implies that
1{t<S,,s1y = 1. Hence, for k < m, we thus have that

P [Nilgi<s, .3 =k] =P[N;=k] if k <m and for any ¢ > 0. (3.11)
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So, if (3.6) is true, we combine (3.10)-(3.11), and then get

P[N, = k| =P {N,fm) - k} for k=0,1,...,mand t > 0. (3.12)
Hence, if (3.6) is true, then (3.9) and (3.12) imply that
1:2@[1\[5’“:4:2@[1@:@ for t > 0. (3.13)
k=0 k=0

On the other hand, letting s = 0 in (3.2) and taking the expected value, we get that

k
t ( fot )\udu)
P[N;=k]=E exp(—/ )\udu>k' >0 fork>0andt>0
0 .

(3.14)
where the strictly positive probabilities in (3.14) follow from Remark 3.2. Further-
more, by using the Taylor-expansion of e* together with standard rules for expecta-
tions and (3.14), it is easy to see that for all ¢ > 0, it holds that > o P[N; = k] =1
since

k
~ . o (Jy Audu)
Z]P’[Nt:k]zlE exp(—/ )\udu) ~—2 | =1 fort>0. (3.15)
0

k!
k=0 k=0

Hence, we have that 1 =Y 72 (P[N; = k] for ¢t > 0, so (3.13) and (3.15) then imply
that

P[N;=k]=0 fork>mandt>0 (3.16)
which contradicts (3.14) for k& > m with non-zero intensity A; with positive proba-
bility; see also Remark 3.2. Hence, the assumption in (3.6) is therefore false, that
is, assumption (3.5) is false, and we can thus never find a Cox process N; with
non-zero intensity A; with positive probability such that N¢ly;<g,, .,y is equal in
distribution with Nt(m) for all t > 0. This concludes the theorem. O

Next, assume that there are no joint defaults among the default times {r;} =
{m, 72 ..., T}, that is, for ¢ # j, assume that P[r; = 7;] = 0. Let {3} be the
ordering of the default times {7;}, and since there are no joint defaults, then T} are
well defined for k=1,2,...,mand T3 < T < ... < T}y,.

Recall that the infinite sequence {Si} = {51, Sa,...} are the jump times of the
Cox process so that (3.3) holds, that is, Ny = > 7, lis,<¢t}- In view of the above
notation together with the assumption of no joint defaults among {7;}, we can now
state the following corollary to Theorem 3.3.

Corollary 3.4. Consider an arbitrary credit portfolio model with default times
T1, T2 -y T, With no joint defaults, and let {T}} be the ordering of {r;}. Then, T}
can never have the same distribution as Sy for all k < m, where {S;} are the jump
times of a Cox process.

Proof. Let N; be a Cox process so that (3.3) then implies
Sp=inf{t>0: N, >k} fork=1,23,...
and thus
PSSy <t|=P[N: >2kl]=1-P[N;<k—-1] fort>0and k=1,2,3,... (3.17)
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For Nt(m) = > 1{r, <4y, we similarly get
Tk:inf{t>O:Nt(m)2k:} fork=1,2,....,m
so that
P[T} < ] :P[Nt(m) zk] - 1-1@[1\@("‘) gk:—l} fort>0and k=1,2,...,m.
(3.18)
From Theorem 3.3, we know that there is no Cox process Ny with non-zero intensity
At with positive probability such that N¢1g;<g, .,y is equal in distribution with Nt(m)

for all t > 0. Thus, from (3.17) and (3.18) it is clear that Sy can never be equal in
distribution with Ty for k = 1,2,...,m, and this concludes the corollary. O

There exist several stock price models with jumps that builds on the model
by [32], but where the Poisson process in [32] is replaced with some Cox process.
For example, in [9], the authors build on [32], but use a Markov-modulated Poisson
process instead of a Poisson process. A Markov-modulated Poisson process is a Cox
process where the stochastic intensity A; is driven by a finite state continuous time
Markov Chain.

Remark 3.5. The stock price model in this paper can never be replicated
by an extension of [32] with some Cox process. In view of Theorem 3.3
and Corollary 3.4, we make the following observations. A stock price model with
jumps at the default times 79,75 ..., Tm, as in Corollary 2.13, can never be equal
in distribution with a model where the default times are replaced with the m first
jumps of some Cox process, in particular not a Markov-modulated Poisson process.
Hence, the model presented in this paper is unique in the sense that it can not
be seen as a special case of the paper [9], [32], or any other model based on [32]
where the Poisson process is replaced with a Cox process and where all jumps in
the stock price are negative and have the same distribution. Furthermore, since our
model does not put any restriction on the type of default model for 71,75 ..., 7, the
distribution of Sy can vary a lot depending on the choice of credit portfolio model
for 71,72 ..., Tm. In the numerical sections, we consider three different models:
A model with CIR-intenisites for the default times, a one-factor Gaussian copula
model for 7;, and a Clayton copula model for the default times 7;. Other credit
models that can be chosen are, for example, default contagion models such as those
in [11,17,22,23,27,34], and such default contagion models produce much fatter

tails for the process Nt(m) = 2211 1{7,<¢y compared with Gaussian copula models,
CIR~intensity models, or other conditional independent default intensity models.

Even though Theorem 3.3 and Corollary 3.4 show that it is impossible to con-
struct the stock price model in Corollary 2.13 by using a Cox process N, instead
of the default point process Nt(m) =y 1{r, <4}, it is still interesting to compare

the stock price model in Corollary 2.13 where Nt(m) is replaced with a Poisson
process. Such a comparison will be done in Section 6 producing a version of the
Kou model, [32], with only negative jumps, and then in Section 10 we numerically
compare our stock price model from Corollary 2.13 with the Kou model containing
only negative jumps as outlined in Section 6.

4. The multidimensional case: Small time approximations to loss dis-
tributions for heterogeneous stock portfolios with jumps at exogenous
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defaults. In this section, we generalize the single-stock dynamics in Section 2 to a
heterogeneous portfolio of stocks. Furthermore, we also define the loss process for
the stock portfolio. For small time points we make a linearization of the portfolio
loss process and derive a computationally tractable expression for distribution of
the linearized loss. We also consider the portfolio loss process and its linear ap-
proximation for small time points in the classical Black-Scholes portfolio case, i.e.
without any jumps in the stock prices. In our numerical studies in Section 8, we will
use the distribution of the linearized Black-Scholes portfolio loss as a benchmark for
the distribution of the linearized loss when the stock prices have jumps at defaults
of some external defaultabe entities.

Inspired by the dynamics of a single-stock price S; discussed in Section 2, and in
particular Corollary 2.13, we now give the following definition.

Definition 4.1. Consider a group of m defaultable entities Cy,...,C,, with in-
dividual default times 71,75 ..., 7,,, and let Nt(m) = 2111 1{r,<¢y- Let companies
Aq,...,A; be J different exchangeable entities which do not belong to the group
Ciq,...,C,y, and let S¢1,...,S: s denote the stock prices of companies Aj,..., Ay
at time ¢ under the real probability measure P. Then, for each entity A ;, we define
the stock price Sy ; as

N(wz)
1 t
St,j = So,j exp (Mj - 20'?) t+o; (Ps,th,o /1= P?s,th,j) ~ > Uny
n=1
(4.1)
where Wyo, Wi1,...,We s are J + 1 independent Brownian motions, and pg; €
[—1,1] are constants. Furthermore, for each j = 1,2,...,J, the m random variables
Uij,...,Un,; are an ii.d sequence distributed as
1
Unj < Bxpln)  with  E[Ung) = (4.2)
where Uy j,...,Uy, ; are independent of the processes W g, Wy 1,..., W ; and also
independent of the default times 74,75 ..., 7y,. Furthermore, for each company A,

the parameters o; > 0 and u; are the volatility and drift, the same as in the
one-dimensional case given in Definition 2.1 and Corollary 2.13.

Next, we make some remarks connected to Definition 4.1.

Remark 4.2. If we let Ul’j, el Um,j be an i.i.d sequence with the same distribution

(m)
as Uy j,...,Un,, then the jump term Zg;l U, in (4.1) can be replaced by the
more intuitive expression Z;Zl Ui jl{r,<t}, just as in the single-stock case in Section

N("l)

. d ~ . T
2, since 1y Unj = > 1" Ui jlir,<4y. However, in the derivations in our proofs,

it will be more convenient from a notational point of view to use the first version,
(m)
that is, the term S°00, U, in (4.1).

n=1

Remark 4.3. Note that in Definition 4.1, all firms A ; have stock prices S; ; with
iidjumps Uy j, ..., Un,j, with the parameter 7 defined as in (4.2). We can of course
also let the distributions for Uy j,..., Uy ; be different among different entities A,
for example, by letting

1
Un,j 4 Exp(n;) with E[U,;]= - where n; #1n; for A; #A,;. (4.3)

J
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However, allowing for heterogeneous jump parameters 77; among different firms A,
as in (4.3), will unfortunately make it difficult to find analytical formulas for the
distribution of our stock portfolio losses. Therefore, in this paper we will always
assume homogeneous jump parameters, that is, n = 171 = n2 = ...ns, which will
lead to analytical formulas for our portfolio related quantities.

Remark 4.4. Note that pg; € [—1,1], and, unless explicitly stated, throughout
this paper we will always assume that at least one company A, has a correlation
such that pg; # —1,1 so that pg; € (—1,1).

Remark 4.5. Since the collection of i.i.d sequences U, j,...,Up, ; are exchange-
able for all companies A; in Definition 4.1, that is Uy ; and Uy ;» have the same
distribution for any pairs (k,j) and (k’,j'), then, just as in Remark 2.2, we note
that the default times 71,75 ..., 7, in Definition 4.1 can come from any type credit
portfolio model.

Remark 4.6. The stock prices S;i,S:2,...,5:s are correlated and have
simultaneous jumps. Since W,y and W, ; are independent Brownian motions
for each j and pg ; € [—1,1], then from standard probability theory we know that
ps,iWio+ /1 — p?;’th,j used in (4.1) is also a Brownian motion. Hence, in view

of Definition 2.1, Definition 2.10, and Corollary 2.13, it is clear that the dynamics
of the stock price Sy ; for each firm A; satisfies

dS;; = Si— ;dYs 5 (4.4)
where Y, ; is given by

N{™
Yi; = pt+oj (ps,th,o +4/1- pQSJWm) + Z (67U"1j -1). (4.5)
n=1
Further, from the construction of Sy ; in (4.1) and U, ; in (4.2), stated in Definition
4.1, the stock prices St 1,S¢2,...,5: s will be “correlated” via the factor process
Wi when pg; # 0, and also “correlated” via the default counting process Nt(m)
for the entities Cy,...,C,,. In particular, all stock prices S¢1,S5¢2,...,5:s will
have a jump at the default times 71,72 ..., 7y, where the relative jumps of S; ; will
be different almost surely under P, although they have same distribution given by
(4.2). Finally, each stock price S; ; will satisfy the results in Theorem 2.14.

Next, consider a weighted stock portfolio consisting of wy, wa, ..., w; stocks cho-
sen for our portfolio at time ¢ = 0, where the stocks are issued by the J companies
Ay, ..., A; with stock prices Si1,S¢2,...,5¢ s that satisfy Definition 4.1. Then,
we define the portfolio value V; as

J
Vi=> w;S;. (4.6)
j=1

We will in this paper define an equally value-weighted portfolio V; as follows.

Definition 4.7. Equally value-weighted portfolio. Let Sy be a positive con-
stant. We say that the portfolio V; in (4.6) is an equally value-weighted portfolio if
the weights w; are chosen so that

ij())j = SO for ] = 1, 2, ey J (47)
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and thus
J J
V() = Z'ijOJ = ZSO = JSO . (48)
Jj=1 J=1

The intuitive idea behind Definition 4.7 is that the portfolio weights w; are chosen
so that the value for the stock position in firm A; at time ¢ = 0 will have the same
amount given by Sy for all companies Aq,..., A that are contained in the portfolio
Vi

Next, we define the portfolio loss process L,EV) for a general portfolio V; at time
t with reference to the starting time 0 as

LY == (V; - Vo) (4.9)

where we note that a gain implies that the loss L,EV) is negative. We are interested

in computing Value-at-Risk for LEV)

we want to compute

in our model given by Definition 4.1, that is,

VaR,, (L§V)> = inf {y ER:P [Lgv) > y} <1- a} = inf {y ER:F on(y) > a}
t
(4.10)
where F', (v)(z) is the distribution of LEV) and « is the confidence level, just as in
(2.14). Define X, ; as

N,f’")

> Uny (4.11)

n=1

1
Xy = (uj - 20']2) t+oj (ps,th,o +4/1- pzs,th,j)

where the right hand side of (4.11) is the same as in (4.1) in Definition 4.1, which
then implies that

Sij = So,5e03 . (4.12)
Then, for an equally value-weighted portfolio V; as in Definition 4.7, the portfolio
loss L§V) in (4.9) can be restated as

J
LY =8 [ 73X ] . (4.13)
j=1

We want to find F, v (z) = P [LEV) < x} so that we, for example, can compute
t

VaR,, (LEV)) given by (4.10). Unfortunately, finding analytical or semi-analytical
expressions of I, v)(z) is a challenging task. However, assuming that | X; ;| will be
small for small ¢, we can use a first-order Taylor expansion of the term eXt7, that
is

eXti 1+ X¢; when |X; ;| is small (4.14)
which typically will hold for small ¢. So, using (4.14) in (4.13) then implies that the

loss L,EV) for an equally value-weighted portfolio V; as in Definition 4.7 is approxi-
mated by

J
LEV) ~ —So ZXW when | X, ;| is small for all j. (4.15)
j=1
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For X, ; given by (4.11), we therefore define the linearized loss L2 to the portfolio
loss L§V) in an equally value-weighted portfolio as

LAV = —5;, ZXM (4.16)

so that (4.15) then implies that
P [L§V> < x} ~P[LAY <z]  when |X; ;| is small for all j (4.17)

which typically will hold for small ¢. Next, we state a theorem which provides a com-
putationally tractable semi-analytical expression to the distribution P [LtAV < x}
for the linearized loss L&Y defined as in (4.16), which is equivalent to finding the
distribution of Y7_, X,

Theorem 4.8. Consider an equally value-weighted portfolio as in Definition 4.7
where the J stock prices S, ..., Sty are defined as in Definition 4.1 under the real
probability measure P. Then, with notation as above, we have that

P[L}Y <a] =1-=) W} (2,t,p,0, 50 ps,n) P [Nt(m) - k} (4.18)
k=0
where the mappings \I'kv (z,t,p,0,50,ps,n) for k> 1 are defined as

\Il‘k/ (xﬂtvﬂa g, SOapSan)

o J - _
:/ > y— %~ X (= 509) ne= (ny)”™* 1dy
0 J 2 7 5 5 (Jk - 1)'
t ((Zj—l UjPS,j) +22i21 05 (1 - Ps,j))
(4.19)
and for k =0, the mapping VY (z,t, u, o, S0, ps,n) is defined by
) 5S4
\IIO (xata/fcao.vs()aps’n):q) 2 2
J J
\/t <<Zj:1 UjPS,j) +Zj=1 UJQ‘ (1 p%‘,j))
(4.20)

where ® (z) and ¢ () are the distribution function and density to a standard normal
random variable.

Proof. First, since Sy > 0, and in view of (4.16), after some rearranging, we get
P[LY <z]=1- ZXW < - (4.21)

and we therefore seck the distribution of ijl X ;. From Definition 4.1 and (4.11),
we can rewrite X, ; as

1
Xtj =2t + (Mj - 20?> t— > Uny (4.22)

n=1
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where Z; ; is defined by

Z1,j =0 (p&ijO +4/1- p%,ij) (4.23)

and the terms on the right-hand side of (4.23) are the same as in Equation (4.1) in
Definition 4.1. Then,

J J 7 N J
I3 < g | =P (37 2 52ty < 3 (- 573) ¢
Jj=1 Jj=1 j=1 n=1 j=1

For notational convenience, we define a(x) as

a(z) = —Sio —jZ: (Mj - ;a?) t (4.25)

so that (4.24) can be rewritten as

J J J N

x
P ZXM- <-g | =P ZZM - Z > Unj<a(x)] . (4.26)
Jj=1 Jj=1 j=1 n=1
Next, we note that
J J N
PIS -3 Y by <t

j=1 j=1 n=1

m J J k
=S P> 2, -3 S Uy <ale) [N =k| P [N§m> - k] (4.27)
k=0

=1 j=1n=1

and since W; ; and U, ; are independent of Nt(m) for all j and n, then by using the
same arguments which led to the right-hand side in (A.2.3) in Theorem 2.14, we
get

J J k
P> 2y =3 Uny <a(x) | N =k
J=1 j=1n=1
(4.28)
J J k
|3, S 0 < ale
j=1 j=1n=1
From the definition of Z; ; in (4.23), we have that
J J
Z Ztj = ZUJ' (PS,th,o +4/1— P%ijt,j)
j=1 j=1
J J
=Wio Y 0ips;+ Y 0\ /1—pk W (4.29)
j=1 j=1

and since Wy o, Wi 1,..., Wy ; are J+1 independent Brownian motions, then (4.29)
and standard results from probability theory together with some computations give
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that

2
J

J J

d
S Zis L [t [ D aiess | + o2 (1-0%,) | X (4.30)
i=1 i=1

Jj=1

where X is a standard normal random variable. Let G j, be random variables
independent of X where G i is a gamma-distributed random variable such that
Gk 4 Gamma(Jk,n) where k > 1 is an integer. Then, in view of Definition 4.1,
standard probability theory, and using the same arguments that led to (A.2.5) in
Theorem 2.14, we have that

2

J J k J J
d
Zii =33 Uy & (e [ Saimss | #3003 (1-02,) | X~ G-
j=1 j=1ln=1 j=1 j=1
(4.31)
Next, by using (4.31) in a version of Equation (A.2.11) in Theorem 2.14, we obtain
J
P Ziy =YY Unj <a(x)
j=1 j=1n=1

_ /oo o a(x) +y
0 \/t <<Z;]—1 Ujps,j)2 + 303 (1 _p%vj)>

where fa,, (y) = % is the density of Gy, and @ (z) is the distribution

function to a standard normal random variable. If & = 0, there are no jump-terms,
so the right-hand side of (4.28) reduces to

fan(y)dy  (4.32)

o)
() (o)

where we also used (4.30) for the distribution of ijl Z,.;. Hence, using (4.32)
for kK > 1 and (4.33) for & = 0 on the right-hand side of (4.28) and (4.27) and
(4.26) together with the definition of a(x) in (4.25) finally implies that (4.21) can
be rewritten as

(4.33)

J
P ZZM <a(z)| =@
j=1

PLRY <a] =1 O} (2,t,1,0,5,ps,n)P [Nt(m) = k}
k=0

where the mappings V) (z,t, 1,0, S0, ps,n) for k > 1 are defined by

\Ij‘k/ (‘ratnu’a g, SOapSan)



24 ALEXANDER HERBERTSSON

J _
y— & =2 (= 303)t e (ny)”*
(Jk —1)!

/Ocp\/ dy

J 2 J 2 2
t (Zj:l Ujps,j) +25=105 (1 - Ps,j)

and for k = 0 the mapping ¥} (z,t, i, o, So, ps,n) is defined as

-5~ Z;‘]=1 (1 — %032‘) t

\/t <(Z;-]—1 UJ'PSJ)Q gL (1 - pg’j))

proving (4.18), (4.19), and (4.20), which concludes the theorem. O

\Ij(‘)/ ($7t7/1/50-750ap5777) =&

We note that the n-parameter in the mapping W} (x,t, i, o, So, ps,n) in (4.20)
for k = 0 will have no impact, and is only present for notational convenience given
the sum in the expression of (4.18) which runs from k£ =0 to k = m.

Remark 4.9. Note that Theorem 4.8 is stated for a heterogeneous stock portfolio
so that the parameters 11,0}, ps j, and So ; can have different values for different
firms A ;, but where the weights w; in the portfolio V; are chosen so that w;Sg ; = Sy
for all companies where Sy is a positive constant. Sometimes, we want to study the
case where the parameters for S; ; are identical for all firms A, that is, when

Soj =50, pj=p, o;j=o0, and pg; =ps forall firms Ay,...,A; (4.34)

so that the stock prices St 1,5t 2,. .., become exchangeable. Furthermore, by
letting w; = 1 for all companies, we get an equally value-weighted portfolio as in
Definition 4.7, and (4.34) together with Theorem 4.8 then imply that the mappings
VY (x,t,p,0,50,ps,n) in the loss distribution P [LtAV < x} given by (4.18) will
simplify a bit, where for k > 1 under (4.34), we get

2

oo y—5 —J (u - %a )t ne="m (ny)J’C*1

U (z,t, 1, 0,50, ps, :/ i 0 d
(@14, 50, 05,1) 0 <a\/tJ(1+(J—1p§) Jk—nr
(4.35)

and for k = 0 with condition (4.34), the mapping WY (x,t, u, o, So, ps,n) is simpli-

fied to
—& - J(n—30°)t )

(4.36)

oI+ (7 1) )

where the rest of the notation is same as in Theorem 4.8.

\IIE)/ (x,t,u,a, S07p5777) =9 <

Given formulas (4.18)-(4.20) in Theorem 4.8 for the distribution Fpav(z) =

P [Lf‘v < x] where L2V is the linear approximation to the portfolio loss L,gv), we

can find the Value-at-Risk for L&Y with confidence level o, denoted by VaR, (L£Y),
as

VaRe (L) = F; Ay (o) sothat  Fpav (VaRe (LfY)) = o (4.37)
t t

since L2V is a continuous random variable. Equation (4.37) can for most credit
portfolio models only be solved numerically. Also, note that VaR,, (LtAV) will for
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small time points ¢ be an approximation to VaR,, (Lgv)) as defined in (4.10), that
is

VaR, (L&) ~ VaR, (LEV)) SO FL_Alv (o) =~ FL_&”(OZ) for small time points ¢.
(4.38)
Just as in Theorem 2.14, we again remark that the formulas in Theorem 4.8 and
related computations as in (4.37) require efficient and quick methods of computing
the number of the default distribution P [Nt(m) = k}
In our numerical studies in Sections 7 - 8, we will use the results in Theorem
4.8 together with efficient numerical methods for computing P Nt(m) = k} in an

intensity-based CIR model, and also in a one-factor Gaussian copula model.

Remark 4.10. In the case when there is no jump at the defaults in Definition 4.1,
i.e. when U,, = 0 for all n, then S ; = SEES) for all companies A; with St(_]?s) given
by /

1
S8 = So,; exp ((Mj - 2032) t+oj (Ps,th,o +4/1- P%,th,j)> (4.39)

where Wy o, Wy 1,...,Wy s are J + 1 independent Brownian motions, and the rest
of the notation is the same as in Definition 4.1. Note that St(is), ceey St(zs) under
(4.39) will still be correlated via the factor process Wy o, and recall that psW; o +
V1 — pW, ; is a Brownian motion for each stock price Sgﬁs).

In view of Remark 4.10, we now state the following corollary to Theorem 4.8 in
the case where there are no jumps among the stock prices Sy ;.

Corollary 4.11. Consider an equally value-weighted portfolio as in Definition 4.7
where the J stock prices St(ﬁs), . .,St(fjs) are defined as in (4.39) under the real

probability measure P. Then, with notation as above,

5+ Zj:l (15 — %U?)t

P[L}Y <z2] =@ (4.40)
2
\/t ((Zjl Ujps,j) +3_, 0 (1 - péj))
and
VaR,, (L7Y)
J 2 J J 1
=So| |t Zajps,j + Zcr? (1 — p§7j) ! (a) - Z (,uj — 20?) t
j=1 j=1 j=1
(4.41)

where ® (x) is the distribution function to a standard normal random variable. Fur-
thermore, if the stock prices S,fﬁs), cee St(’BJS) also satisfy (4.34) in Remark 4.9, then
(4.40)-(4.41) simplify to

AV _ S‘lo"'J(/‘_%UQ)t
P [Lf gx}_¢<a\/w(1+u_l)pg>> (4.42)
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and

VaR, (L}V) = So (o\/tJ(l +(J-1)p2)e " a)—J (u — 502) t) . (4.43)

A proof of Corollary 4.11 is given in Subsection A.3 of Appendix A.

In our numerical studies in Section 7 and 8, we will use the “Black-Scholes”
linear portfolio formulas in Corollary 4.11 as a benchmark for expressions of the
stock prices with jumps at defaults given in Theorem 4.8.

The results in Theorem 4.8 and Corollary 4.11 hold for heterogeneous stock
portfolios which are equally value-weighted and have arbitrary size J, that is, the
number of stocks J in the portfolio can be small or large. The main drawback
with the formulas in Theorem 4.8 and Corollary 4.11 is that these expressions for
the linearized loss LtAV only work somewhat accurately as an approximation of
the true loss Liv) when the time t is small, and the expressions will fail as time ¢
starts to increase. For example, the linearized loss LAY may produce VaR-values
that are bigger than V, which is impossible since, by construction, it will hold
that Liv) < Vy almost surely for all ¢ > 0 under the real probability measure P.
However, in certain cases we can still find highly analytical approximation formulas

for the loss distribution P {LEV) < z} at any time point ¢t and where the loss will

never exceed Vj, as will be seen in the next section.

5. The multidimensional case: Approximation formulas to loss distribu-
tions for large homogeneous stock portfolios with jumps at exogenous
defaults. For larger time points ¢, the linear approximations to the stock portfolio
in Theorem 4.8 and Corollary 4.11 will fail. If we however assume that the stock
prices S; ; satisfy (4.34) in Remark 4.9, that is, Sy ; = So,p; = p,0; = o, and
ps,j = ps for all firms Ay,..., Ay so that the S¢1,S:2,...,5:s are exchangeable
and the portfolio becomes homogeneous (given same weights), and if the number of
stocks J in the portfolio are “large”, then we will in this section derive approxima-

tion formulas for the loss distribution P [Lgv) < x}, which will work for arbitrary

time points ¢, that is, both for large and small time points ¢, and which will also
guarantee that portfolio loss will always be smaller than Vy almost surely for all
t > 0 under the measure P. Hence, in this section we will make two assumptions.
First, we assume that (4.34) holds together with Definition 4.1 under the real prob-
ability measure P, with equal portfolio weights w; for all companies Aq,..., A  in
the portfolio V;. Our second assumption is that the number of stocks J in the port-
folio are “large”. Since the stock portfolio is equally weighted and we are primarily
interested in Value-at-Risk calculation of the portfolio, then due to the linearity of
VaR we can without loss of generality let w; = 1 for each stock in the portfolio,
and thus define the portfolio value as V; = Zj:l St ;. Due to condition (4.34), the
portfolio V; will then be an equally value-weighted portfolio as in Definition 4.7.

Remark 5.1. Homogenization of a heterogeneous stock portfolio: Assum-
ing a completely homogeneous stock portfolio so that the parameters for each stock
are the same is of course an unrealistic feature. Consider a heterogeneous stock port-
folio with stocks defined as in Definition 4.1, portfolio value Vt, and define Sy, u, o,
and pg as the corresponding sample means of the parameters in this portfolio, that
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is,

1 1< 1< BN

Next, create a homogeneous stock portfolio as in Section 4 with parameters Sy, i, o,
and pg as in (5.1) with portfolio value V;, and where Wy o, Wy 1,..., Wy s, Nt(m),
and U, ; are the same as in the heterogeneous portfolio. For such homogeneous
portfolios, [30] as well as [38] proved that the value process V, for a large hetero-
geneous stock portfolio can be approximated arbitrarily well by V; in the Li-sense
as J — oo. [30] proved the result for portfolios with only diffusions while [38]
extended the proof to the case where the stocks can also jump due to Poisson pro-
cesses. In view of the results of [30] and [38], it is therefore still relevant to consider
homogeneous stock portfolios in particular if these portfolios come from doing a
homogenization of a heterogeneous stock portfolio as in (5.1).

Given the assumption that (4.34) is satisfied, we now state the following theorem.

Theorem 5.2. Let St q,...,S5: 5 be stock prices defined as in Definition 4.1, which
satisfies (4.34) under the real probability measure P. Then, with notation as above,
we have

J N(m)
: 1 1o, n !
Jh_)n;o i ]Ezl St,j = So exp ((u — 50 ps) t+ O’p5Wt,0> (71 n 1) (5.2)

almost surely under the probability measure P [ | We o0, Nt(m)} and
1
Jim P | Z;St,j <z
j:

N
1 t
=P |Spexp ((,u - 202p?g> t+ apSWt,()) <7777) <z . (5.3)

Furthermore, for large J we have

i [Lﬁv) < x}

N(m)
1 t
~P|JSy|1—exp <<,u - 202;)%) t+ UpSWt,()) <77‘?‘1) <z (5.4)

and if ps # 0, then for x < JSy = Vy, it holds for large J that
P[LY) <ol

o (1= 5%) (2)) - - deted) e

~ 1 — (m):k 5.
1 kz::()(b — P{Nt ] (5.5)

where ® () is the distribution function of a standard normal random variable.
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Proof. From the construction in Definition 4.1, we know that Wi o, Wy 1,..., Wy s
are J + 1 independent Brownian motions, and that for each j the jump terms
Uij,...,Un,; are also independent of the processes Wy o, Wy 1, ..., W, j and the de-

fault counting process Nt(m). Hence, for a fixed ¢, conditional on the pair W o, Nt(m)7
then Sy 1,...,S: s will be an i.i.d sequence, and therefore a conditional version of
the law of large numbers implies that

J

1 m m

Jim =3 1St’j:E[St’th’O7Nt( )} as. under Pl |[Wio, N™]|  (5.6)
p

where the subindex j in E |:St,j | W0, Nt(m)} on the right-hand side of (5.6) could be
any positive integer due to the exchangeability of S 1,..., S s. Next, by Definition
4.1 together with (4.34), we have that

E [st,j | Wr.o, N§m>]

)
1 t
=E | Soexp <“ — 502) t+o (PSWt,O +4/1— p%.WtJ) - Z Un,j W0, Nt(m)
n=1

(m)
N
1 t
= Sp exp ((u - 502) t+ apswt,o) E|exp|oy/1—p23Wej— > Uny | [Weo, N(™
n=1

Furthermore,

N{™
E |exp | oy/1— piW,,; — Z Un,j Wt,O,Nt(m)
n=1

(m)
2(1_ 2 Ny
= exp (0’(2%)t> ]E exp _ Z Un,j Nt(m)
n=1

since
N
E|exp | oy\/1—pEWij— > Un; Wi,0, N{™
n=1
_ A
=E|E|exp|o 1fp25Wt,jf Z Un,;j Wt,o»Nt(m)v{Un,j}x=1 Wt,O»Nt(m)
n=1

(m)
Nf,
=E|exp|— Y Un,;|E {EXP (U 1*p§Wz,j) ’Wt,O’Ngm)v{Un,j}:anl Wi, N
n=1

(m)
- Nt
=E |exp (a 1-— p%Wt7j>:| E|exp | — Z Un,j Wt,(),Nt(m)
L n=1

N(m)

2 1— 2 t t
= exp <U(2p5)> E | exp Un,; Nt(m) (5.9)
=1

n
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where the third equality in (5.9) follows from the fact that W, ; is independent of

Wio, N, {U g tm_,, and the fourth equality in (5.9) is due to that Zn 1 U . 1s
1ndependent of W, 0, see e.g. 9.7(k) on p.88 in [52], and due to standard computa-

tions of E [exp (m/l - p%Wt,j)}, which proves (5.8). Next, note that
N

N{™
E | exp Z Un,; Nt(m) = (7%7_1) (5.10)

since

N
exp Z Un.; Nt(m)

Sl ) e
(£

O<n+1> REGE

N™
_n
n+1

where the second equality in (5.11) is due to that {U, ;}n-, are independent of

N and the third equality in (5.11) follows from (A.2.27) in Theorem 2.14. So,
combining (5.7), (5.8), and (5.10) together with some computations then renders
that

E

|
I

s
S

E
0

Yo

k

I
Ms

~
Il

m 1 ¢
; W@O,Nt( )} = Spexp <(u - 202/)25) t+ angw) (nj—l) (5.12)

and (5.12) in (5.6) finally implies

N
1 t m
= Sp exp ((M - 202/)%) t+ UPSWt,o) (T]ZI> a.s. under P [ | W0, Nt( )
(5.13)

which proves (5.2). The random measure P { | Wt’o,Nt(m)} is constructed from
the probability measure P used in this paper, and in particular Definition 4.1,
o (5.13) then implies that %E;’Zl St ; converges weakly (i.e in distribution) to
Soexp ((1— 20%p%) t + opsWi,o) under the probability measure P when J — oc.
To see this, note that

J J

1 1 m

FZSMS;U =E |P jZSt,jgm W0, N™ (5.14)
=1

Jj=1
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and (5.13) imply that

J
1 m
P j ZSM S A Wt,o,Nt( )

j=1

N
1 ¢ m
— P | Spexp ((M — 20%%) t+ UpsWt’o) <TI Z 1) <z Wt70,Nt( )

(5.15)

as J — oo. Hence, (5.14)-(5.15) together with the law of iterated expectations then
renders

1 J
P jjz::lSt’j <z

1 t
— P | Syexp ((N - 202;)%) t+ gpSWw) (nj—l) <z| asJ—

(5.16)
which proves (5.3). Thus, if J is large, then (5.16) implies that

J
Y Sty
j=1

RS

N(”m/)
1 t
‘P J Sy exp <(,u - 202p%> t+ apsWt70> (77:7_1> for large J

(5.17)
d
where = ‘ means “approximately equal in distribution under the probability mea-

P
sure P. Next, from the definition of the portfolio value V; in (4.6) and the portfolio

loss process LEV) in (4.9) together with the fact that Sy o = Sp for all stocks due to
condition (4.34), we get that

J J J
L§V) =V-V,= Z St — Zst,j =JS — Z St.j (5.18)
j=1 j=1 Jj=1

so (5.17) and (5.18) with some simple calculations then imply that
P [ng < z]

(m)
1 N
~P [JSO (1 — exp (<u — §U2p?g> t+ O’psWt70> (#) ) < w] for large J

(5.19)

which proves (5.4).
Next, we want to find an more explicit expression of the right-hand side of (5.19).
First, we note that

N{™
P [JSO (1 — exp ((,u - 102/)%> t+ cr,OsWt,0> (L> ) < x]
2 n+1
e L 29 n \"
7ZP JSo|1—exp||(p— z0ps | t+opsWipo R <z
P 2 n+1

X P [Nf”” = k] . (5.20)

N = k}
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Since Wy ¢ is independent of Nt(m), we get

k
1
P lJSo (1 — exp ((u — 202;%) t+ apsz) (17—7—1) ) <
1 n k
=P lJSO (1 — exp ((u — 20%%) t+ UpSWt,o) (77‘|‘1) >
and assuming pg # 0, some calculations then render that

1 k
o oo ) o) () ) -

(12 ) (5)) - - de o
opsVt

8

IA
ILI

=1-9¢

where @ (z) is the distribution function of a standard normal random variable. So,
combining (5.20)-(5.22) and inserting these expressions into (5.19) finally yields

P [L,EV) < a:]
k
m m(@—jﬁ)@%))_@_%ﬁ@ﬁ -
~1-) & P|N,™ =k| forlarge J
kZ:O Ups\/l? |: t ] g
which proves (5.5), and this concludes the theorem. O

Next, we make some remarks on the results in Theorem 5.2.

Remark 5.3. First, we note from (5.2) in Theorem 5.2 that, when conditioning on
Wi o, Nt(m) and then studying the limit of % ijl S,; when J — oo, we see that the
individual diffusions W; ; as well as the individual jump terms U, ; vanish. Only
the effect of W, ¢ and Nt(m) remains in the limit of % ijl Sy,; on a simple form as
stated in Equation (5.2). Second, if pg = 0, meaning that there is no correlation
through the factor process W, o in the diffusion part among the stocks, then (5.2)
collapses into

N{™

J
B i (N (m)
thgo i jEZl St.j = Soe” <77+1) a.s. under P { | N, } (5.23)

where the right-hand side of (5.23) is a piecewise deterministic process with jumps
at the default times 7i,..., 7. If “n = 00” so that U, ; = 0 for all pairs n,j (see
also Remark 2.11), and if pg = 0, then (5.23) reduces to the “standard” law of
large numbers under the measure P since Remark 4.10 with pg = 0 implies that
Sej = St(i-s) for all companies A, and Sy 1,..., S s will be an i.i.d sequence. This

observation together with Equation (2.26) gives E [SEES)] = Spe*t which is the

right-hand side of (5.23) without the point process Nt(m)7 since U, ; = 0 for all n
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and j, that is,

J

1

im — = ut _a.g

Jl;n;o 7 z;Sm = Spe P -a.s.
i=

and this is just the (strong) law of large numbers under the measure P since

St1,...,5s s an i.i.d sequence.

For pg # 0, define FL(V)( ) as

k
m 1n<1 Uk )(;ngQpQ)t
P @) =1- Y% L) () —
k=0 opsvt

Then, if pg # 0, the large portfolio approximation formula (5.5) in Theorem 2
implies that

P [L(V) < x} ~ FL(W(x) for large J. (5.25)
Note that FLF‘f)( ) in (5.24) is exactly equal to the right-hand side of (5.4). From

the probablhty in the right hand side of (5.4), it is clear that this probability will
be one for x > Vp = JSy, and then FLF‘f)( ) =1for x > Vy = JSp. To see this,

note that for each k we have that

z n+1\"
m((1--2)(222) ) = - 7.
n(( JSO)( ; ) ) o as xTJSy 0

so for each k we get
k
i ((1-55) (41)") - (e o081

lim ¢ =0
and this observation in (5.24) implies that
lim F&A(z) =1 (5.26)

Hence, in view of (5.24) and (5.26), the distribution FL(P‘?)( ) is only defined for

x < Vo = JSy. Consequently, our LPA approximation formula in (5.25) implies
that FE(P‘?) (x) =1 for x > V = JSy, that is, for any time point ¢, the loss will never

t
be bigger than V{, which is financially correct given our model setup, while the
distribution for the linearized portfolio loss L2V discussed in Section 4 can produce
losses bigger than Vy = J.Sy when ¢ increases.

Here, we note that the distribution function F Lf‘f)( ) defined in (5.24) and used

on the the right-hand side of (5.5) in Theorem 5. 2 will be much easier to evaluate
than the corresponding distribution for the “small time” linear approximation LY
to Lgv)’ where P [LtAV < x| is given by (4.18) in Theorem 4.8. More specifically,
the expression for P[L{Y < z] in (4.18) will for each k& > 1 in the sum involve
computations of an integral given by (4.19) in Theorem 4.8, while the correspond-
ing terms in the sum for FL(V)(x) in (5.24) simply involves an evaluation of the

distribution function to a standard normal random variable for each k in the sum.
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However, we remind that P [LtAV < x] works for heterogeneous stock portfolios with
an arbitrary number of stocks J, in particular smaller J, while the approximation of

P [Lgv) < x} via Fisp‘ﬁ*) (z) in (5.25) is only feasible for large stock portfolio sizes J.

On the other hand, Fiip\ﬁ*) (z) works for arbitrary time points ¢, while P [L2Y < z]

is only a good approximation to P [LEV) < x] for small time points ¢.

Let VaR,, (Lgv)) defined as in (4.10) be the Value-at-Risk for the stock portfo-
lio loss L,EV) with confidence level a. By using the large portfolio approximation
formula (5.5) in Theorem 5.2, that is, relation (5.25), we can for large J find an
approximation to VaR, (L§V)) which then is given as the unique solution z* to the

equation Fif‘f) (z*) = a, that is
VaR, (L§V>) ~ (F71)MR8 (a) for large J (5.27)

where (Ffl)f(’{}) () denotes the inverse function to the function FE(P&*) (z) defined in
t t
(5.24). Since FLLF&) (x) =1 for x > Vo = JSp, we see that (5.27) can never produce
a VaR value bigéer than Vj, contrary to the linearized portfolio loss VaR-values.
Just as in Theorem 2.14 and Theorem 4.8, we once again remark that the formula
in (5.5) in Theorem 5.2 and computations as in (5.27) require efficient and quick
methods of computing the number of default distribution P [Nt(m) = k}
In the case when there are no jumps in the stock prices at the defaults of the
exogenous group of defaultable entities in Definition 4.1, i.e. when “n = o0” so
that U, ; = 0 for all pairs n,j (see also Remark 2.11), and thus S; ; = St(}j»s) for all

companies A; where St(ES) is given by (4.39) in Remark 4.10, and if pg # 0, then
(5.2) in Theorem 5.2 will reduce to

J

.1 1

Jh_)rr;o i E 1 St j =Soexp ((u — 202;)%) t+ JpSWw) a.s. under P[-|W;o] .
=

(5.28)

Hence, from (5.28) and using the same arguments as in Theorem 5.2, we then have
that

P[L{") <ol

1
~P [JSO (1 — exp ((,u — 20%%) t+ opSWt’())) < x] for large J. (5.29)

We also note that the right-hand side of (5.28) is of the exact same form as the stock

price St(BS) in the Black-Scholes model for a single stock, under the real probability
measure P given in (2.25), but now with the volatility opg instead of o as in (2.25).
Hence, for large J, the loss process Lgv) will for the case when U, ; = 0 for all
n,j behave as the loss process for one single stock which follows the Black-Scholes
dynamics with volatility opg, drift u, and initial value JSy. From Equation (2.34)

in Section 2 together with the large portfolio approximation in (5.29), in the case
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with no jumps in the stock price, we therefore get that
VaR, (Lﬁv))

1
~ JSy (1 — exp (Ups\/ﬁ)_l (I-—a)+ (u - 202,0?9) t)) for large J. (5.30)
In our numerical studies in Section 7 and 8, we will use the “Black-Scholes” LPA
VaR formula in (5.30) as a benchmark for the VaR formulas obtained when using
the LPA loss distribution (5.5) in Theorem 5.2 when the stock prices have jumps
and are exchangeable.

6. Comparison against Kou model with only negative jumps. In Sections
4 and 5, we considered the case where the jumps in the stock prices where triggered
by default from an exogenous group of m entities Cq,...,C,,. In our numerical
studies, we will use the stock price models from Sections 4 and 5 to compute VaR for
stock portfolios and compare these VaR-numbers with corresponding values coming
from an equity model without jumps, that is, a Black-Scholes portfolio setting under
the real probability measure. However, comparing our jump-at-default model only
with a non-jump model will in our view not be fully fair. We believe it is equally
important to compare our stock price model containing jumps at defaults with
other equity models that include jumps in the stock price driven by, e.g., a Poisson
process. We will therefore in this section briefly outline some important quantities
derived from the Kou model, [32], restricted to only having negative jumps. These
quantities will then be used in Section 10 when comparing VaR-values coming from
our jump-at-defaults model in Section 5 with VaR-quantities from the Kou model
having only negative jumps which are driven by a Poisson process outlined in this
section.

Let St(,l;) be the stock price in Definition 4.1, but where the default counting

process Nt(m) is replaced by a Poisson process IN; with intensity A, > 0, so that
SIEZ) is given by

Ny
" 1
Si) = So.j exp ((#j - 2”?) t+oj (Ps,th,o +y/ 1= p?’ithj) - Uw’)
n=1
(6.1)
and where the rest of the terms in (6.1) are the same as in Definition 4.1. The stock
prices St(fj) in (6.1) will be same as in [32], but here with only negative jumps, and
where we extend [32] to a portfolio setting so that the St(;) are correlated via the

factor process Wy o and the Poisson process N;. Next, we define Vt(”) and L,Y " as
J

V=3 ws and LYt = - (V- v (6.2)
j=1

Given the two stock portfolio frameworks St(;) modeled as in (6.1) and Sy ; given
by Definition 4.1, it is interesting to compare these two models. To this end, we
first state the following corollary to Theorem 2.14.



RISK MANAGEMENT OF STOCK PORTFOLIOS 35

Corollary 6.1. Let St(;) be a stock price under the real probability measure P defined
as in (6.1). Then, with notation as above, we have that

Ny
K P Nk
E |:St(7j) Nt] = Sp jet* (%‘H) where
k
(r) — _ ol Nk
E {St N, k] So.je (nn - 1> (6.3)

fork=0,1,2,...,m and

K Ax ,

Furthermore, if the stock portfolio is homogeneous so that condition (4.34) is satis-
fied with the weights w; =1 in (6.2), then for large J we have that

P [LtV"‘ < x}
k
S ntnty [0 (52)) ey

k=0 k! UPS\/?E

where the rest of the notation in (6.5) is same as in Theorem 5.2.

A proof of Corollary 6.1 is given in Subsection A.4 of Appendix A.

In Sections 7, 8, and 9, we will later compare the stock portfolio VaR in the model
with jumps at defaults given by Definition 4.1 with the corresponding Black-Scholes
portfolio model without jumps. But, we will also benchmark our model with the
model in [32] with only negative jumps, that is, the model St(fj) given by (6.1), see
Section 10. For the comparison of S; ; in Definition 4.1 with the Kou model, [32],
we will consider a homogeneous stock portfolio so that condition (4.34) is satisfied,
that is, Soj = So, uj = p, 05 = i, and pg; = pg for all firms A4,..., Ay so that
the stock prices St(ﬁ),St(g), .. ,St(K]) become exchangeable. Now, assume that we

want to calibrate the parameters A, and 7, in the model for St(;) given by (6.1).
There are several different ways of calibrating A\, and 7. If we want to compare the
two models St(fj) and Sy j, then we can, for example, assume that for two arbitrary

fixed time points 7" and T, it will hold that

E [S;“J?] =Sy =E[Sr;] and E[N;]=E [Ng")} (6.6)

where we remark that it is possible to let T = T. Note that the condition E [S(Tnﬂ =

So implies, just as in (2.32), that the downward jumps in the Kou model St(”) at
the jump times of the Poisson process N; “wipe” out the expected log-growth for
a corresponding Black-Scholes model with drift g up to time T'; see also Equation

(6.4). Furthermore, we observe that E[Nz] = E [N;m)} means that the expected

number of jumps by the point processes N; and Nt(m) will be the same up to time
T, which for Nt(m) is the same as saying that the expected number of defaults in the
group Cy,...,C,, will be given by E [N;] = A, T. If the default times 71,75 ..., 7
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for Cy,...,C,, are exchangeable with default distribution F(t) = P[r; < t], then
the condition E [N;] = E [N;m)} can be reformulated as

AT =mF(T). (6.7)
For Sy ; in Definition 4.1 under condition (4.34), and from (2.32), we see that the

condition E {Sgp“)] = Sy gives a non-linear equation for finding the jump parameter

7w, and in a similar way we can use (6.4) in Corollary 6.1 to conclude that

E [S(T*j;} =S, ifandonlyif exp ((u M > T) -1

Nk +1
d th A _ 6.8
and thus i1 L. (6.8)
Hence, in view of (6.7) and (6.8), condition (6.6) in an exchangeable credit portfolio
model for the default times 71,75 ...,7,, to Cq,...,C,, can then be reformulated
as
A

AT =mF(T and =u. 6.9
(T) —) I (6.9)

If u is known, and if the parameters of the default distribution F(t) = P[r; < {]
also are known, then condition (6.6), or equivalently (6.9), will give us two unknown
parameters, A\, and 7., and two equations, which often will lead to semi-explicit
or explicit solutions for A\, and 7. For example, if the exchangeable default times
T1,T2 ..., Tm have constant default intensity A so that F(t) = P[r; <t] =1 — e,

then (6.9) implies that A, and 7, are given by

m (1 - e‘AT>

A 7 and 7, p 1. (6.10)
So, A, and 7, in (6.10) are thus equivalent with the conditions in (6.6) which are
financially and intuitively clear. In Section 10, we will use A\, and 7, in (6.10) when
computing and comparing VaR-values coming from our jump-at-defaults model in
Section 5 with VaR-quantities from the Kou model in (6.1) having only negative
jumps which are exponentially distributed with parameter 7, where the jumps are
driven by a Poisson process with intensity A.. Note that condition (6.10) is inde-
pendent of what type of credit portfolio model we use for the default times as long
as F(t) =P[r; <t] =1 — e ™ for all default times.

7. Numerical examples when the default times have CIR intensities. In
this section we will study Value-at-Risk for the loss LES) = — (St — Sp) for one single
stock when the stock price S; is given by Definition 2.1 under the real probability
measure P. Throughout this section we assume that the default times 7,72 ..., 7
to the entities Cy,...,C,, are exchangeable, conditional independent, and have
default intensities A;; = A+ the same for all entities where A; is a CIR-process.
Furthermore, the jumps Vl, e f/m in S; at the defaults 7,75 ..., 7, are distributed
as V1, ..., V,, in Definition 2.10. In Subsection 7.1, we first motivate the rationale of
the numerical values for the parameters, and also study other related quantizes such
as the number of defaults distribution for the group of defaultable entities. Then, in
Subsection 7.2 we study Value-at-Risk for the loss of one individual stock with price
under the real probability measure P in a credit portfolio model with parameters as
discussed in Subsection 7.1. Finally, in Subsection 7.3 we give some very important
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and useful remarks on the numerical computation of the loss distribution. The
observations done in Subsection 7.3 will also hold for the loss distributions derived
in Section 4 and Section 5, and for the credit portfolio model studies in Section 8.

7.1. The parameters and related quantities. In this subsection, we discuss
the modeling setup and its parameters that will hold in the rest of the section,

and present some related quantities such as, e.g., the distribution of the number of
m

defaults (IE” [Nt(m) = kD for our model.

As mentioned in Sectiko;lol, in this paper we will not focus on how to estimate
the involved parameters describing the stock model, including the parameters for
the defaultable entities affecting the equity prices. Instead, the main goal of this
paper is to derive analytical stock portfolio quantities in our equity-credit hybrid
model, and then use these to numerically study the time evolution of VaR for equity
portfolios and compare the VaR-numbers with corresponding values coming from
alternative models, such as the Kou model and the Black-Scholes model. However,
in this subsection we will motivate the rationale behind the choice of the stock price
parameters u, o, and the one-year default probability for the defaultable entities
connected to the default intensity parameters. Since the numerical values of u, o,
and the one-year default probability will also be used in Sections 8 - 10, we will
then simply refer to this subsection for motivation of the choice of the parameters
1, o, and the one-year default probability.

In the rest of this section, we assume that the default times 71,75 ..., 7, to the
entities Cy, ..., C,, are exchangeable, conditionally independent, and have default
intensities A\;; = A; the same for all entities. We set A\, = A ; to be a Cox-Ingersoll-
Ross process (CIR-process), that is,

AN = ae (fte — Ae) dt + oo/ Xed W, (7.1.1)
where Wt(c) is a Brownian motion under the physical probability measure P, inde-
pendent of the other random variables in S;. Then, the default times 7, ..., 7, are

constructed as .
7; = inf {t >0: / Agds > Ei} (7.1.2)
0

where Fy,...,FE,, is an i.i.d sequence of exponentially distributed random vari-
ables all with parameter one which are independent of Wt(c). From the construction
(7.1.2), one can show that 7,. .., 7, are conditionally independent given the trajec-
tory of (Wt(c))tzo. Furthermore, the marginal default distribution F' (t) = P[r; < ¢
is expressed as

F(t)=P[r; <t]=1-E [e* Ji As dé’} (7.1.3)

and is the same for all entities Cy,...,C,, due to the exchangeability, where the

As ds} has closed formulas; see e.g. [5] or [25]. The construction

quantity E [e’ Js
in (7.1.2)-(7.1.3) can be applied to arbitrary intensities A;, and thus not only to a
CIR-process. From a practical point of view, we want to have analytical expressions
of the default distribution F (t) in (7.1.3). Another example of intensity which gives
analytical formulas for F (¢) is a shot-noise model as presented in, e.g., [26]. The
construction in (7.1.2)-(7.1.3) will also work for heterogeneous credit portfolios, that
is, when the intensities A, ; are different among the entities Cy,...,C,,.

Going back to our stock price model for S;, we let the jumps Vi,...,Vmy in S,
at the defaults 7,75 ..., 7, be distributed as V7, ..., V,, in Definition 2.10, so ‘7, =
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e~V — 1 where Ul, e U,, are i.i.d and exponentially distributed with parameter
n > 0. Hence, given the above assumptions, the dynamics of the stock price S;
is the same as in Corollary 2.13 and Theorem 2.14 where Nt(m) = Z;ll i<ty
and 7,72 ..., T, are exchangeable, conditionally independent, and have intensities
)\t,i = )\t as in (711)

The average historic one-year default rate for speculative-grade entities during
the period 2000-2023 was 3.64%; see e.g. Table 1 in [50]. Furthermore, from
Table 1 in [50], we also observe that the average one-year investment-grade default
rate in the same period (2000-2023) is much smaller, and is given as 0.08%. We
therefore want to have a one-year default probability in the upper part of the interval
[0.08,3.64], and in our numerical examples we choose a CIR-process in (7.1.1) with
the parameters a, = 0.6, u. = 0.056, 0, = 0.18, and A\g = 0.0262, which renders an
individual one-year default probability of 0.0329 = 3.29%, computed via well-known
explicit expressions for the default probability P [r; < t] when 7; has a CIR-default
intensity. We also make sure that 2a.u. > 02 so that zero is avoided; see e.g.
p.391 in [13]. The above observations motivate the choice of the parameters for the
CIR-process and also the one-year default probability, and are all stated in Table
1.

TABLE 1. The parameters and related quantities for the CIR-
process \; and the stock price Sy where we let m = 125.

At ‘ Ao = 0.0262 a.=0.6 e = 0.056 o.=0.18 P[r; < 1] =0.0329 = 3.29%

S| So=50 p=015=15% o=02=20% n=2671 E[U]=1=00374=3.74%

Furthermore, we let the number of defaultable entities be m = 125, see Table 1,
which is the same number of entities that are found in main CDS indices such as the
iTraxx Europe and CDX.NA.IG US. Of course, one can choose a higher value for
m, but here we set m = 125. In Table 2, we show the expected number of defaults

E {Nt“”)} for t = 1,3,6,12, 18,24 months when individual default times have CIR-

intensities as in Table 1 and where m = 125. So, from Table 2 we see that our CIR-
intensities implies that we expect, for example, around 2 defaults in six months,
4 defaults in one year, and 6 to 7 defaults in one and a half years. Consequently,
this is also the number of jumps that we expect to occur in our stock price up to
each of these time points where each jump has the expected size of E[U] = % By

our assumption of exchangeability, we have that E [Nt(m)] = mP[r; <t], so the
individual default probabilities at ¢ = 1,3,6,12, 18,24 months are obtained from
Table 2 by dividing the numbers for E [Nt(m)] with m. In Table 2, we see that
after 6 months there is a 0.1% probability of having 25 defaults or more among
Ci,...,C,,, and after 24 months there is a 0.1% probability of 32 defaults or more
among Cyq,...,C,,.

Next, we turn to the parameters for the stock price model. We set Sy = 50, u =
0.15 = 15%, and 0 = 0.2 = 20%, see Table 1. First, the motivation for choosing p =
15% follows from the fact that during the 10-year period of 2012 to the end of 2021,
the average one-year US stock market return was 14.88% not adjusted for inflation;

see e.g. [49]. So, solving for p in the Black-Scholes model with E {St(BS)} = Spett =
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TABLE 2. The expected number of defaults E[Nt(m)} and

VaRgg 9% (Nf"”) for t = 1,3,6,12,18,24 months when individ-
ual default times have CIR-intensities as in Table 1 and where

m = 125.
t (in months) 1 3 6 12 18 24

E [Ng’”)] 0.2802  0.8818  1.875  4.116  6.596  9.222
VaRgg o7, (Nt(m)) 20 25 2% 25 27 32

So - 1.1488 with t = 1, or simply by using a first-order expansion of e# =~ 1 + p,
after rounding with two significant digits, we get that p = 0.15 = 15%. Note that
we used the Black-Scholes model to find u, and one can of course also use our stock
price model in Corollary 2.13, but this will lead to a very complicated estimation
problem, which is not the topic of this paper. Next, the motivation for the choice
of o = 20% follows from the fact that, during the 9-year period 2012 to the end
of 2020, the average one-year US stock market volatility was 16.40% not adjusted
for inflation; see e.g. [51]. However, accounting for that the VIX volatility has been
higher during the period of 2012 to the end of 2020, we therefore set o = 20%; see
e.g. [39].

Finally, the jump parameters n are challenging to estimate. Instead, we chose
to express the expected one-year stock value in our model as some fixed known
value; specifically, we let E [St] = Sy, which together with the default distribution
for Nt(m) will imply a value of n. Hence, 7 is calibrated so that the defaults from
the CIR-model “wipe” out the expected one-year log-growth for a corresponding
Black-Scholes model with drift p = 15% and where m = 125. Thus, the jump
parameter 7 is calibrated so that, for T' =1 year, we have

NEm
E[Sr] =Sy or equivalently E <77j‘1> =e T for T=1 (7.1.4)

see also Equation (2.32) in Section 2. With the above parameters, we get that n =
26.71 via a numerical solver so that E [U;] = % = 0.0374, see Table 1. Alternatively,
we could just pick an ad-hoc value of 7, but we find it much more economically
intuitive to use the condition (7.1.4) to find a numerical value of 7. More generally,
we can use condition (2.30) or equivalently condition (2.31) with an arbitrary value
of 8 €(0,1) to find the implied n-parameter.

The above numerical choices of u, o, and the one-year default probability will
consistently be used in the rest of this paper, and therefore in Sections 8 - 10 we
will just state these values for p, o, and the one-year default probability in tables
and refer to this subsection for more motivations of the choice. Furthermore, the
method of finding 7 via condition (7.1.4) is chosen to be the same in Sections 8 -
10, however the numerical value of n will be different, since in Sections 8 - 10 we
consider other credit portfolio models for the defaultable entities, thus leading to
other numerical values of the distribution of Nt(m) used in (7.1.4).
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in logscale) in a CIR model: m=125 PN = k] for k=1,..,18 and t = 1,...,24 months in a CIR model ,m = 125

PN =K

100 -
K (nr. of defaults) 140 O k (nr. of defaults)

120 t(months) t(months) 2 s

FIGURE 1. The time evolution of the distribution PP Nt(m) = k:}

for t = 1,2,..24 months when individual default times have CIR-
intensities as in Table 1 where m = 125. Left panel: in log-scale
for £k =0,...,125. Right panel: for k£ = 0,...,18. The plots in the
two panels are viewed from different angles.

From Theorem 2.14 and the definition of VaR, we know that in order to com-
pute VaR, (L,(fs)), we need to compute the distribution of the number of defaults

(IP’ [Nt(m) = kDm . Finding efficient numerical methods for P [Nt(m) = k] is a
non-trivial problem. We will in this paper use the method developed in [25] to
find P [Nt(m) = k], which is based on saddlepoint methods for exchangeable, con-
ditionally independent credit portfolio models, and works both for intensity based
frameworks as well as in factor copula settings. To find P [Nt(m) = k;} in the inten-
sity based case, we need the density fz,(z) of the random variable Z; = f(f Audu

where ), is a CIR-process defined as in (7.1.1). Details of how to find fz,(z) as well
as numerical graphs of fz,(z) are found in, e.g., [25].

With the CIR-parameters parameters in Table 1, we compute P [Nt(m) = k] with
the saddlepoint method mentioned above, and show in the left panel of Figure 1
plots, for m = 125, of the time evolution of the distribution P [Nt(m) = k} in log-
scale where £k = 0,...,125 and t = 1,2, ..., 24 months. Furthermore, the right panel
in Figure 1 displays the time evolution of the number of distribution P Nt(m) = k}

in normal scale where k = 0,1,...,18 when m = 125 and ¢t = 1, ..., 24 months when
individual default times have CIR-intensities with parameters the same as in the
left panel of Figure 1. The plots in Figure 1 were generated with the saddlepoint
algorithms found in [25], and in these figures we write ¢ in months, but the actual
computations of P [Nt(m) = k} are done with ¢ measured in units of years. So, for
example, 2, 6, and 24 months mean that ¢ is given by ¢ = %, % and t = % =2
in our formulas for the computation of P [Nt(m) = k} The same also holds for the

results in Table 2.
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7.2. VaR over a 2-year period for one stock when the jumps in the stock
price are due to default times with CIR-intensities. In this subsection we
will study Value-at-Risk for the loss L,ES) = — (St — Sp) of one individual stock
with price S; given by Definition 2.1 under the real probability measure P in a
credit portfolio model as discussed in Subsection 7.1. Hence, the stock price S;
has jumps at the default times 71,75 ..., 7;n, which are exchangeable and where the
individual default times have CIR-intensities with parameters the same as in Table
1. Furthermore, the jump parameter 7 is calibrated so that condition (7.1.4) holds
and the rest of the parameters for S; are displayed in Table 1.

In Figures 2-3, we study the time evolution of Value-at-Risk (in % of Sp) of a
single stock for t = 1,2, ...,24 months, computed with same stock parameters as in
Table 1. More specifically, for m = 125, the left panel in Figure 2 displays the time
evolution of Value-at-Risk in % of Sy for t = 1,2, ..., 24 months in the case when S;
has jumps coming from default times which have CIR-intensities with parameters
the same as in Table 1. The right panel in Figure 2 displays the Black-Scholes case
for the stock price, i.e. with no jumps in S;, which has same drift and volatility
parameters as in the left panel.

The interpretation of the results in Figure 2 is as follows: For example, in the left
panel of Figure 2, looking at the black line (99%-VaR), we see that for ¢ = 13, that
is, after 14 months, then there is a 1% probability of having a loss in the stock which
is 50% or bigger of the initial stock price Sy at time ¢ = 0. Similarly, for the red line
(99.9%-VaR) in the left panel of Figure 2, at ¢t = 23, that is, 20 months after the
starting point ¢ = 0, there is 0.1% probability of having a stock loss which is 70%
(or bigger) of the starting value Sy at time ¢ = 0. The interpretation of the graphs
in the right panel of Figure 2, i.e. the Black-Scholes case, should be done in the
same way as in the left panel of Figure 2. Furthermore, in Figure 3 we plot the time
evolution of the relative difference of Value-at-Risk (in %) between the case with
jumps in the stock price Sy coming from default times which have CIR~intensities
with parameters the same as in Table 1, and the standard Black-Scholes case, i.e.
without jumps. The rest of the parameters for S; are the same as in Table 1.

As can be seen in Figure 3, introducing downward jumps in S; at the default
times 7,7y ..., Ty, which are exchangeable and where the individual default times
have CIR-intensities as in Subsection 7.1 will in general increase the Value-at-Risk
up to around 50% and much more at a few time points (up to 250%) compared to the
Black-Scholes model, and this holds for all three confidence levels o = 95%, 99%,
and 99.9%. For a = 95%, the relative difference (jump-stock model vs. Black-
Scholes) is almost linearly increasing in time t. Of course, that the relative VaR
difference between the jump vs. non-jump case will increase as shown in Figure 3 is
not surprising, but knowing exactly how big the difference actually is as a function
of different parameters as well as time ¢ requires the use of somewhat analytical
formulas and efficient numerical methods.

7.3. Some remarks on the numerical computation of the loss distribu-
tions. In this subsection, we give some important remarks on the computation of
the loss distribution F (s)(z). The observations done in this subsection will also
hold for the loss distributions derived in Section 4 and Section 5, and for the credit
portfolio model studies in Section 8.

The computations in the left panel of Figure 2 are done by numerically solving

Equation (2.33). From Theorem 2.14, we know that FL(s>(as) =P [Lgs) < LE] is
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VaR (L) for L =SS, in % of S, when S, jumps at defaults and E[S, =S, for T=1 year, m=125: CIRintensiy case VaR (L) for L =SS, in % of S, for S, in Black-Scholes case wih E[SJ-5 ¢
0

VaR (LIS, (in %)

VaRgg (LIS,

5s
——VarRES(L IS,
e VaRy,(L)IS,
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FIGURE 2. m = 125: The time evolution of Value-at-Risk (in % of
So) of a single stock for ¢ = 1,2,...,24 months. Left panel: In
the case with jumps in S; coming from default times which have
CIR-intensities with parameters the same as in Table 1. Right
panel: In the Black-Scholes case, i.e. without jumps, where drift
and volatility are the same as in Table 1.

given by
U X
Foo(z)=1-> Wy (1 ~ L 4o, 1#7) P [Nt(m) - k] (7.3.1)
' k=0 So

where the mappings Yy (z,t, p, o, u,n) satisfy 0 < Uy (x,¢, 4, 0,u,n) < 1 and are
defined in (2.19)-(2.20). By looking at, e.g., the left panel in Figure 1, but also in
the left panels of Figures 4, 11, and 13, we see that the probabilities P [Nt(m) = k}
are extremely small for moderate and large integers k£ for most time points ¢. For
example, in the left panels of Figure 1, we have that P [Nt(m) = kz} < 10~ for

k > 65 at all time points ¢, and P [Nt(m) = k;} < 10728 for k > 85 at all t. These

observations mean that we do not have to compute all the terms in the sum for
FLES) (x) given by (7.3.1), but still have a very accurate approximation to FL§S> (z)
in the truncated sum. For example, let ¢ be a very small positive constant, e.g.
£ <1077, Then, for each fixed ¢, there exists a subsequence kg, k1, ko, . . ., . (e) of

the integers 0,1, 2,...,m such that

my ()
Yop [Nf”“ - kj] >1-¢. (7.3.2)
j=0

In the credit portfolio models used in this paper, the subsequence kg, k1, ko, . ..,
Km,(e) can always be chosen in the form 0,1,...,mq(e), that is, k; = j for j =
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Relative difference (in %) between VaRﬂ(L() and VaRLB'S(L().m=125 : CIR-intensity case
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FIGURE 3. The time evolution of the relative difference of Value-
at-Risk (in %) between the case of with jumps in the stock price
S¢ coming from default times which have CIR-intensities with pa-
rameters the same as in Table 1, and the standard Black-Scholes
case, i.e. without jumps. The relative difference is measured with
respect to the Black-Scholes case. The rest of the parameters for
S; are the same as in Table 1.

0,1,...,mq(g), so that (7.3.2) can be rewritten as

mt(é‘) m
Sop [Nt(’”) - k] >1-¢ and thus Soop {Nt("” = k] <ec  (7.3.3)
k=0 k=mq (e)+1

where it obviously holds that m;(e) < m for any 0 < £ < 1 and at all time points ¢.
Typically, for the credit portfolio models studied in this paper, it will often (but not
always) hold that m(¢) << m for most time points t. Given an arbitrary number
0 < e < 1, and for a fixed ¢, we can in view of the above observations define the
function Fr s (z) as

t

my ()

€ x m
Fis(@)=1- Y ¥ (1 g Ln) P [Nf ) = k] (7.3.4)

k=0
where the rest of the parameters and mappings are defined as in (7.3.1). Then,
(7.3.1), (7.3.3), and (7.3.4) together with the triangle inequality imply that

‘ Lo (@) = Fio(a )‘ <e¢ forallzeR (7.3.5)

where in (7.3.5) we also used that 0 < Uy, (x,t, u,0,u,n) < 1 for all k. Hence, for
small ¢, then (7.3.5) implies that F° z (s (@) will be a very sharp approximation to the
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loss distribution F, (s) () in (7.3.1). Since it will often hold that m;(¢) << m, com-
puting FE( s)(z) will be much faster than computing the exact distribution F, s (),

while amultaneously having an accuracy of F¢ I s) () compared to F) (s)(z) that is
t

smaller than e given relation (7.3.5). Table 3 dlbplays my(e) for t = 1,3,6,12,18,24
months, where m = 125 and ¢ = 10~ when the individual default times have
CIR-intensities as in Table 1. Hence, from Table 3 we see that in order to have an

TABLE 3. The upper truncation level my(¢) defined as in (7.3.3)
for t = 1,3,6,12, 18, 24 months where m = 125 and ¢ = 10~°, when
the individual default times have CIR-intensities as in Table 1.

t (in months) 1 3 6 12 18 24
ms(e) 53 54 54 54 54 95

accuracy of order e = 1079 in our approximation F' i ) (x) to the exact distribution
FL<s>( x) at the time points t = 1,3,6,12, 18,24, we never need to have more than
56 terms in the sum of FE(S)( ) compared with 126 terms in FL§s> (x) (recall that we
start counting from 0, so, e.g., m;(e) = 55 means 56 terms in the sum for FBS> (x)

etc.). Also, note that for, e.g., 99.9% VaR computations, we will in our numerical
solution of Equation (2.33) work with z*-values so that F, (s)(z*) = 0.999. Since
we choose e = 1077, and since both F (S)( ) and F*© (S)( ) are continuous mappings
in x, and the error-bound in (7.3.5) hOldb umformly for all z € R, then the solution
x% of the equation FZ(S)( xk) = 0.999 should therefore be extremely close to the
exact VaR solution x* satisfying I, (s)(z*) = 0.999. More specifically, from (7.3.5)
we have

10—9 Z FL§S> (.T ) L(s)

= [Py o (22) — 0.999
so that the solution z? of the equation FE(S)( xk) = 0.999 will give a value of

FL<s>( *) that deviates at most 107% from a = 0.999 = 99.9%, which is very

accurate. Hence, we can therefore approximate the exact 99.9% VaR value z*, with
x} obtained from solving F** (s)( ¥) = 0.999 where the function F** (S)( ) is defined

as in (7.3.4). Similar arguments obviously hold for the 99% VaR and 95% VaR
computations.

Furthermore, note that 56 terms (i.e. m;(¢)+1) versus 126 terms when m = 125
(iem+1= 126) will mean a running time of VaR computations with F'¢ (S>( x)

more than twice as fast compared with VaR computations for the exact dlstrlbutlon
F L§S>( x).

Finally, we again remark that the same type of truncation techniques done in this
subsection will also hold for the loss distributions derived in Section 4 and Section

5, and will be applied in all of the computations done in Section 8.

8. Numerical examples when the default times are driven by a one-factor
Gaussian copula model. In the previous section, we studied the time-evolution
of Value-at-Risk for a single stock over a two-year period in time steps of one month
where the stock has jumps at default times driven by a CIR-process. In this section,
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we will among other things study the time-evolution of Value-at-Risk for a portfolio
of stocks over a 20 day period in time steps of one trading day, with jumps in all
stock prices occurring at default times of an external group of defaultable entitles
Cy,...,C,,. Throughout this section, we assume that the default times 7,75 ..., 7y
to the entities Cq,...,C,, are exchangeable, conditionally independent, and are
driven by a one-factor Gaussian copula model. First, in Subsection 8.1 we briefly
discuss the model for the default times and present the parameters used in this
framework. Then, we display related quantities such as the distribution of the

number of defaults P [Nt(m) = k], etc. Next, in Subsection 8.2 we study VaR for a

portfolio consisting of J = 70 stocks by using the linear approximation formulas in
Theorem 4.8. In Subsection 8.3, we consider a large portfolio with J = 150 stocks
and then use the LPA (large portfolio approximation) formulas in Theorem 5.2 to
compute VaR for this equity portfolio. Finally, in Subsection 8.4 we repeat similar
studies as in Subsection 8.2, but now for a two-year period in steps of one month.

8.1. The parameters and related quantities. In this section, we assume that
the stock prices S;; for all companies Aq,...,A; are given by Definition 4.1
where Nt(m) = > " 1{r,<sy and the default times 71,75...,7, to the entities
Cy,...,C,, are exchangeable, conditionally independent, and driven by a one-factor
copula model. Hence, the conditional default probability is the same for all entities
Cq,...,C,,, and is given by

Plr <t|Z] = @( (8.1.1)

O (F(t) — \@Z>

VIi-p
where Z is a standard normal random variable, p is the so-called default-correlation
parameter, ®(z) is the distribution function of a standard normal random variable.
Furthermore, F (t) = P[r; <] is the marginal default distribution same for all
entities due to the exchangeability. For more about factor copula models, see, e.g.,
[40,42,47] or [29]. Furthermore, since the stock prices S ; are given by Definition
4.1, the jumps U, ; in S; ; at the default times are i.i.d and exponentially distributed
with parameter 77 > 0 the same for all companies A ;.

In our numerical examples, we set F (t) = P[r; < t] = 1—e~**, which is standard
in the credit literature, and calibrate A so that the one-year default probability is
same as in the CIR model in Section 7, that is, 0.0329 = 3.29%, and this gives
A = 0.0335, see Table 4. The motivation for having a one-year default probability
of 0.0329 = 3.29% is given in Subsection 7.1.

The “default-correlation” p in (8.1.1) is more challenging to estimate. Here,
we simply set p = 0.3, that is, 30%, see Table 4, and in Subsection 8.3 we will
also consider values of p = 0.6 = 60% to illustrate the effect of increasing default
dependence leading to higher defaults and therefore more jumps in our the stock
portfolio model. So, in this paper we only consider two values of the “unknown”
default-correlation parameter p, however [25] investigated stock portfolio VaR as a
function of p when it continuously runs through an interval on the positive real line
bounded by one, where the stock prices S; ; are given by Definition 4.1 with default
times 71,72 ..., T, driven by a one-factor copula model in (8.1.1) with default-
correlation parameter p.

In Table 7 on p. 60, we show among other things the expected number of defaults

E [Nt(m)} and VaRgg 99 <Nt(m)) for t = 1,5,10,15,20 days when the individual

default times are driven by a one-factor Gaussian copula model with parameters as
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TABLE 4. The parameters and related quantities for the one-factor
Gaussian copula model and the stock prices Sy ; where we let m =
125.

m=125 p=03 F({)=1—-e™ X=0.0335 P[r<1]=0.0329=3.29%

Gauss copula

S ‘ So=50 w=015 0=02 ps=025 n=2198 E[U,;]=1=00455=455%

in Table 4 and where m = 125. From Table 7, we see that the expected number
of defaults the first 20 days will never exceed one default, and consequently the
expected number of jumps in the stock prices the first 20 days will also be less than

one. By our assumption of exchangeability, we have that E [Nt(m)] =mP[r <t] =
m(1 — e~ ™), so the individual default probabilities at ¢ = 1,5,10, 15,20 days are
obtained from Table 7 by dividing the numbers for E [Nt(m)} with m. Also note

from Table 7, in the case with p = 0.3, we see that, after 10 days, there is a 0.1%
probability of having 8 defaults or more among the entities in the exogenous group
which are negatively affecting the stock prices in our equity portfolio, and after 15
days there is a 0.1% probability of 11 defaults or more among the entities in the
same exogenous group.

Next, we turn to the parameters for the stock price model. First, note that the
linearized loss distribution given in Theorem 4.8 will work for heterogeneous port-
folios of arbitrary size J. However, for simplicity we will consider the homogeneous
case, that is, the stock prices Si1,...,S;,s satisfy (4.34) in Remark 4.9, so that
So,j = So, 5 = p,05 = 0 and pg; = pg for all firms Ay,..., Ay in the stock port-
folio. Furthermore, we let the parameters p and o be same as in the CIR-model
case studied in Section 7 so that Sy = 50, = 0.15 = 15%, and o = 0.2 = 20%,
and the motivation for these values are given in Subsection 7.1. Regarding ps, from
Table 1 on p.369 in [44], we see that the average stock correlation in the period
from 1963 to 2006 was 0.237, and [43] performs similar studies as in [44], but for
the period from 1963 to 2022 and finds that the average stock correlation for this
period is 0.264; see Table 1 in [43]. Inspired by the above observations, we set our
stock correlation to ps = 0.25, see Table 4. The jump parameter n is calibrated so
that condition (7.1.4) will hold, that is, 7 is calibrated so that the defaults from
the one-factor copula models “wipe” out the expected one-year log-growth for a
corresponding Black-Scholes model with drift g = 15% and where m = 125. With
the default and stock parameters as in Table 4, we then get that n = 21.98 via a
numerical solver, so E [U, ;] = % = 0.0455, see Table 4.

With the one-factor Gaussian copula parameters in Table 4, we compute
P [Nt(m) = k] as described above, and in the left panel of Figure 4, for m = 125, the

time evolution of the distribution P {Nt(m) = k} in log-scale where k = 0, ..., 125 and
t=1,2,...,20 days is shown. Furthermore, the right panel in Figure 4 displays the
time evolution of the number of distribution P [Nt(m) = k] in normal scale where

k=0,1,...,18 when m = 125 and ¢t = 1,2,...,20 days, where the default times
have the same distribution as in Figure 4. The plots in Figure 4 were generated with
the algorithms developed in [25], and in these figures we write ¢ in days, but the

actual computations of P [Nt(m) = kz} are done with ¢ measured in units of years.
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So, for example, 2, 6, and 20 days mean that ¢ is given by t =
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FIGURE 4. The time evolution of the distribution P | N{™ = k| for

t =1,2,...,20 days in a one-factor Gaussian copula model with
parameters as in Table 4, where m = 125 and p = 0.3. Left panel:
in log-scale for k = 0, ..., 125. Right panel: for k£ =0, ..., 18.

8.2. VaR over a 20-day period for a linearized portfolio of stocks when the
jumps are due to default times driven by a one-factor Gaussian copula
model. In this subsection, we study Value-at-Risk for a portfolio of stocks as a
function of time over a 20-day period in time steps of one trading day, with jumps
in all stock prices occurring at default times 71,7 ..., T;, which are exchangeable,
conditionally independent, and are driven by a one-factor copula model as discussed
in Subsection 8.1 and with parameters as in Table 4. We study VaR for a portfolio
of J = 70 stocks by using the linear approximation formulas in Theorem 4.8.

In Figure 5-6, we study the time evolution of Value-at-Risk (in % of Vp) for a
portfolio of J = 70 stocks discussed in Subsection 8.1, where ¢t = 1,2,...,20 days,
computed with same stock parameters as in Table 4. For m = 125, the left panel in
Figure 5 displays the time evolution of Value-at-Risk in % of V; for t =1,2,...,20
days in the case when S; has jumps coming from default times in a one-factor
Gaussian copula model with parameters as in Table 4. The right panel in Figure 5
displays the Black-Scholes case for the stock price, i.e. with no jumps in S}, which
has the same drift and volatility parameters as in the left panel. From the left
panel of Figure 5, looking at the red line (99.9%-VaR), we see that, for ¢t = %,
that after 12 days there is a 0.1% probability of having a loss in the stock portfolio
of 42% or bigger, of the initial portfolio value Vg at time ¢ = 0. Furthermore, in
Figure 6 we plot the time evolution of the relative difference of Value-at-Risk (in %)
between the case with jumps in the stock prices S ; coming from default times in a
one-factor Gaussian copula model with parameters as in Table 4, and the standard
Black-Scholes case, i.e. without jumps. The relative difference is measured with
respect to the Black-Scholes case. The rest of the parameters for S; ; are the same
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as in Table 4. As can be seen in Figure 6, introducing downward jumps in S ;
at the default times 7,75 ..., 7, which comes from a one-factor Gaussian copula
model, will for example increase the 99.9% VaR up to around 1450% compared to
the Black-Scholes model, and for the 99% VaR up to 765%. Furthermore, we also
note the curves in the left panel of Figure 5 are not as smooth as in the left panel
of Figure 2, and the reason for this discontinuity will be explained in Subsection
8.3. All the VaR computations in the left panel of Figure 5 are done by numerically
solving the equation Fpav(z) = o where Frav(z) = P [L&Y < 2] is computed
using Theorem 4.8 under condition (4.34) in Remark 4.9 so that the mappings
WY (x,t, 1, 0,50, ps,n) in Fpav(z) are given by (4.35)-(4.36). Furthermore, in our
computations of F Ltav(x), we use the same truncation techniques as discussed in
Subsection 7.3. Finally, the VaR computations in the right panel of Figure 5 are
done using Equation (4.43) in Corollary 4.11 for the “Black-Scholes” linear portfolio
case.

VaR, (L) for linearized loss of L=V, in % of Vy when all S, jumps at defaus and E[S, =S, for T=1 year, m=125: Gaussian copula case, tho=0.3 VR, (L) for linearized 1055 of L =V,-V, in % of \, for S, in Black-Scholes case with E[S, =5 j¢%

BS
VaRgS (LI, =

VaR oo (LN, %
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FIGURE 5. m = 125: The time evolution of Value-at-Risk (in
% of V) of a linearized stock portfolio with J = 70 stocks for
t =1,2,...,20 days. Left panel: The case with jumps in the
stock price where the individual default times are driven by a one-
factor Gaussian copula model with parameters as in Table 4. Right
panel: The Black-Scholes case, i.e. without jumps, and where the
drift and volatility are same as in the left panel.

As discussed in Section 5, the linearized loss LtAV will only work somewhat

accurately as an approximation of the true loss L§V) when the time ¢ is small, that
is, if | Xy ;| is small for all j when ¢ is small. Recall that X ; is defined as in (4.11),
and from the expression in (4.11), it is clear that the more potential number of jump

terms Zgi? Un,; in the expression for X ;, the more defaultable entities m, and
the less likely it will be that |X; ;| is “small”. Thus, |X; ;| should in general grow
in the number of defaultable entities m. So, it is therefore of interest to study S ;
and its linear approximation Sp (1 + X ;) as a function of the number of defaulted
entities m for different time points ¢. Hence, Figure 7 displays the expected value of

St,; and its linear approximation Sy (1 4+ X4 ;), that is, E [S; ;] and SoE [(1 + Xy ;)]
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FIGURE 6. The time evolution of the relative difference of Value-at-
Risk (in %) for t = 1,2,...,20 days between the case of linearized
stock portfolio with J = 70 stocks with jumps in the stock price
where the individual default times are driven by a one-factor Gauss-
ian copula model with parameters as in Table 4, and the linearized
Black-Scholes case, i.e. without jumps, where drift and volatility is
same as in the jump case. The relative difference is measured with
respect to the Black-Scholes case.

as a function of the number of defaulted entities m for ¢ = 5,10,20 and ¢ = 252
days where X, ; is defined as in Equation (4.11) with parameters as in Table 4.
The jumps in the stock price occur at default times driven by a one-factor Gaussian
copula model with parameters as in Table 4. The number of defaultable entities m
runs from 5 up to 135 in Figure 7.

Furthermore, Figure 8 shows the relative difference between E[S; ;] and
SoE [(1+ X, ;)] in percent, as a function of the number of defaulted entities m
for t = 5,10, 20 days in the left panel and for ¢ = 252 days in the right panel, where
X,; is defined as in Equation (4.11), with the model and parameters the same as in
Figure 7. The relative difference is measured with respect to E [S; ;]. From Figure
8, we see that the relative error, or difference, for t = 5 days never exceeds 0.07%
when m < 135. Also, when t = 1 year, that is, ¢ = 252 days, then the relative
error is always smaller than 6%. In all plots in Figure 8, the relative difference is
increasing when m > 20.

8.3. VaR over a 20-day period for a large homogeneous stock portfolio
where jumps in stocks are due to default times driven by a one-factor
Gaussian copula model. In this subsection, we study Value-at-Risk for a large
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FIGURE 7. Expected value of S;; and its linear approximation
So (1 + X, ;), that is, E[S; ;] and SoE[(1 + X ;)] as a function of
the number of defaulted entities m for ¢ = 5,10, 20, and 252 days
where X; ; is defined as in Equation (4.11) with parameters as in
Table 4. The jumps in the stock price occur at default times driven
by a one-factor Gaussian copula model with parameters as in Table
4.

homogeneous portfolio of stocks as a function of time over a 20-day period in time
steps of one trading day. The stock prices in the portfolio have jumps occurring
at default times 7,72 ...,7, which are exchangeable, conditionally independent,
and are driven by a one-factor Gaussian copula model as discussed in Subsection
8.1 and with parameters as in Table 4. We study VaR for a portfolio of J = 150
stocks by using the LPA approximation formulas in Theorem 5.2, and we do our
VaR studies for two different levels of the default correlation parameter p in the
one-factor Gaussian copula model. First, in the left panel of Figure 9 we display
the time evolution of Value-at-Risk in % of V, for ¢t = 1,2,...,20 days in the case
when S ; has jumps coming from default times in a one-factor Gaussian copula
model with parameters as in Table 4, so the default-correlation p is set to p = 0.3.
The right panel in Figure 9 displays the same quantities as in the left panel, but
now with the default-correlation parameter p = 0.6 and 1 = 13.92 so that condition
(7.1.4) holds, just as in the left panel of Figure 9. Comparing the VaR-curves in
the left and right panel in Figure 9, we see that the 99% and 99.9% VaR plots for
p = 0.6 in the right panel are much higher than the corresponding curves for p = 0.3
in the left panel where n = 13.92, with the rest of the parameters the same as in
the left panel. For example, looking at the red line (99.9% VaR) in the right panel
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FIGURE 8. Relative difference between E [S; ;] and SoE [(1 + X, ;)]
in percent as a function of the number of defaulted entities m for
different time points ¢ where X, ; is defined as in Equation (4.11)
with model and parameters the same as in Figure 7. The relative
difference is measured with respect to E[S;;]. Left panel: for
t =5,10,20 days. Right panel: for t = 252 days.

with p = 0.6, we see that after 12 days there is a 0.1% probability of having a loss
in the portfolio of 80% or more than the initial portfolio value V; at time ¢ = 0.
However, when p = 0.3 in the left panel, there is for the same time, that is, 12
days, a 0.1% probability of having a loss in the portfolio of 33% or more than the
initial portfolio value V4 at time ¢ = 0. The big differences between the curves for
the same a-levels in the two panels are due to the fact that a default-correlation of

p = 0.6 will create probabilities PP [Nt(m) = k} that are substantially larger for lower
k-values compared to the corresponding probabilities in the case when p = 0.3.
Looking at the left panel in Figure 11, which displays the time evolution of the
distribution P [Nt(m) = k} on the log-scale for k = 0,...,125 and ¢t = 1,2,...,20
days in a one-factor Gaussian copula model where p = 0.6, and comparing these
probabilities with the corresponding values for P {Nt(m) = k} in the left panel of

Figure 4 where p = 0.3, we see that the levels of P [Nt(m) = k} when p = 0.6 for

some k are a factor 10° higher compared with the probabilities P [Nt(m) = k} when

p = 0.3 for the same k-values.

Furthermore, we also note that the curves in both of panels of Figure 9 display
a non-smooth behavior. The main reason for the somewhat discontinuous behavior
of the graphs in Figure 9 are explained by looking at the middle and right panels
in Figure 19 on p.66, which display the time evolution of Value-at-Risk at ¢ =
1,2,...,20 for the default counting process Nt(m) driven by a one-factor Gaussian
copula model with m = 125, parameters as in Table 4, and default-correlation
parameter p = 30% (middle panel) and p = 60% (right panel). Recall that Nt(m)
is a counting process, so the curves in Figure 19 will be piecewise constant and
increasing. Comparing the left and right panels in Figure 9 with the middle and
right panels in Figure 19, we clearly see that the discontinuities, i.e. “jumps”, at
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i defaults, m=125: Gaussian copula case, o=0.3 VaR, (L) for LPAI0SS of L =V,:V, in % of V, when S, jumps at defaults, m=125: Gaussian copula case, 1o=0.6
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FIGURE 9. The time evolution of Value-at-Risk (in % of V) com-
puted with the LPA-formula in Theorem 5.2 for ¢t = 1,2,...,20
days of a homogeneous portfolio with J = 150 stocks which has
jumps in all stock prices at default times driven by a one-factor
Gaussian copula model with m = 125 and parameters as in Ta-
ble 4. Left panel: Default-correlation parameter p = 30% and
n = 21.98. Right panel: Default-correlation parameter p = 60%
and 1 = 13.92. In both panels, condition (7.1.4) holds.

different time points in the middle and right panels of Figure 19 coincide in time
with the somewhat discontinuous behavior of the graphs in the left and right panels
of Figure 9. The main reason for the similar discontinuous behavior in Figure 9
and the middle-right panels in Figure 19 is that the computations are done over a
very short time period of 20 days, in steps of one trading day, leading to a quite

degenerated distribution for P [Nt(m) = k] over k as seen in the right panel of Figure

4. More specifically, for t = 1,2,...,20 days, the distribution P [Nt(m) = k} will
have a very high probability for & = 0 (“no defaults”) almost equal to one, while
P [Nt(m) = k] will be very small for k£ > 1. Furthermore, the distribution function

Fyom) () for Nt(m) will for small time points therefore have similar behavior to the
LPA-distribution FE(P\% (z) given by (5.5), or, equivalently, (5.24). Hence, for fixed
t, the tail behavior of F;f’ﬁ) (z) and Fym) (x) will display similar characteristics for

smaller time points, expltaining the discontinuous behavior of the graphs in Figure
9, particulary when comparing with the middle and right panels in Figure 19. If

P [Nt(m) = k] is computed over a long period, such as two years, then P [Nt(m) = k}
will have quite large probabilities also for k£ > 1, see e.g. the right panel in Figure 13.
Hence, as time ¢ increases (say, one year or more), the distribution of PP [Nt(m) = k}

over k will be less “degenerated” leading to a more smooth curve for the tail behavior
of Ffﬁﬁ% (x), and therefore more smooth VaR curves for the stock portfolios, see for
t

example in Subsection 8.4, for longer periods, such as two years, will lead to very
smooth VaR-curves in the Gaussian one-factor case, with the same parameters as
in Table 4.
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FIGURE 10. The time evolution of the relative difference of Value-
at-Risk (in %) for t = 1,2,...,20 days between a stock portfolio
with jumps as in Figure 9 using the LPA formula in Theorem 5.2
and the standard Black-Scholes case, i.e. without jumps, given
by the right panel in Figure 11. The relative difference is mea-
sured with respect to the Black-Scholes case. All parameters for
the jump-model are as in Figure 9. Left panel: With default-
correlation parameter p = 30% and n = 21.98. Right panel:
With default-correlation parameter p = 60% and n = 13.92.

Next, in the two panels in Figure 10, we display the time evolution of the relative
difference of Value-at-Risk (in %) for t = 1,2, ..., 20 days between a stock portfolio
with jumps as in Figure 9 using the LPA-formula (5.5) in Theorem 5.2 and the
standard Black-Scholes case, i.e. without jumps, given in the right panel of Figure 11
computed with the Black-Scholes LPA-formula in Equation (5.30) with parameters
as in Table 4. As can be seen in Figure 10, the differences between the jump vs,
non-jump VaR-cases are huge. For example, the 99.9% VaR for p = 0.6 in the right
panel is for some time points around 3000% higher than the corresponding 99.9%
VaR values in the Black-Scholes portfolio case. In our VaR-computations in Figure
9, we use the same truncation techniques for the LPA-portfolio loss distributions as
discussed in Subsection 7.3.

8.4. VaR over a 2-year period for a large homogeneous stock portfolio
where jumps in stocks are due to default times driven by a one-factor
Gaussian copula model. In this subsection, we repeat similar studies for the
same model and same parameters as in Subsection 8.2, but now for a two-year
period in steps of one month. The obtained VaR-curves in this subsection will be
smooth and continuous, just as in the CIR-case where we also studied VaR over a
two-year period. Hence, Figure 12 shows the same type of VaR-curves as in Figure
5, but for a two-year period, and all parameters in Figure 12 are the same as in
Figure 5, and given by Table 4. By comparing the curves in the left panel of Figure
12 with the graphs in left panel of Figure 5, we clearly see that the VaR values
over a two-year period are very smooth and continuous. Unsurprisingly, the VaR
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FiGUurE 11. Left panel: The time evolution of the distribution
P [Nt(m) = k} in log-scale for k = 0,...,125 and t = 1,2, ...,20 days
in a one-factor Gaussian copula model where m = 125,p = 0.6,n =
13.92, and the rest of the parameters are the same as in Table 4.
Right panel: The time evolution of Value-at-Risk (in % of V)
for t = 1,2,...,20 days of a homogeneous portfolio with J = 150
stocks in the Black-Scholes case computed with the LPA-formula
in Equation (5.30) and with parameters as in Table 4.

values for the two-year period are also much higher than for the 20-day period. For
example, looking at the red line (99.9% VaR) in Figure 12, we see that, after 12
months, there is a 0.1% probability of having a loss in the portfolio which is 90%
or more than the initial portfolio value Vj at time ¢t = 0.

In Figure 13, we display the time evolution of the distribution P [Nt(m) = k] for

t=1,2,...,24 months in a one-factor Gaussian copula model with parameters as in
Table 4 where m = 125 and p = 0.3. Comparing the probabilities in Figure 13 over
a two-year period with those in Figure 4 over a 20-day period, we see that there are
huge differences. Furthermore, in the two-year case our probabilities are now much
less degenerated, i.e. not centered around k£ = 0, as in the 20-day period, and this
fact also explains the much more smooth curves in in the left panel of Figure 12
compared with those in left panel of Figure 5. All computations in Figure 12 are
done as in Subsection 8.3 and with the same parameters, and the only difference is
that we now consider a two-year period in steps of one month. Furthermore, just
as in previous subsections, we will in our VaR computations in Figure 12 use the
same truncation techniques for the LPA portfolio loss distributions as discussed in
Subsection 7.3.

Note that the right panel in Figure 12 shows the VaR-values for the Black-
Scholes case, i.e. without jumps, using the LPA-formula in Equation (5.30) and
with the same drift, stock-correlation, and volatility parameters as in the left panel,
see Table 4. From the right panel in Figure 12, we see that in the Black-Scholes
LPA portfolio model it is extremely difficult to obtain losses over a two-year period,
where we remind that a negative loss is a gain. For example, we see that after 20
months there is a 95% probability of having a gain which is 15.2% or more of the
initial portfolio value V. Similarly, after 20 months there is a 99% probability of
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FIGURE 12. The time evolution of Value-at-Risk (in % of Vj)
computed with the LPA-formulas in a homogeneous portfolio with
J = 150 stocks for t = 1,2,...,24 months. Left panel: The case
with jumps in the stock price where the individual default times
are driven by a one-factor Gaussian copula model with parameters
as in Table 4 and using the LPA-formula in Theorem 5.2. Right
panel: The Black-Scholes case, i.e. without jumps, using the LPA-
formula in Equation (5.30) and with parameters as in Table 4.
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FI1GURE 13. The time evolution of the distribution PP [Nt(m) = k}

for t = 1,2,...,24 months in a one-factor Gaussian copula model
with parameters as in Table 4 where m = 125 and p = 0.3. Left
panel: in log-scale for £ = 0,...,125. Right panel: for £ =
0,...,18. The plots in the panels are viewed from different angles.

having a gain which is 10.3% or more of the initial portfolio value Vj, and 99.9%
probability of having a gain which is 4.96% or more of the initial portfolio value Vj.
The intuitive explanation of these VaR results in the Black-Scholes LPA portfolio
setting is that the growth rate will for longer time periods beat the downside risk
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given by the volatility term, while such positive stock prognoses are never possible
in the corresponding stock price model with jumps at external defaults over the
same time period of 20 months, as clearly seen in the left panel of Figure 12.

TABLE 5. The expected number of defaults E[Nt(m)} and
VaRgg 9% (me)) for t = 1,6,12,18,24 months when individual

default times are driven by a one-factor Gaussian copula model
with parameters as in Table 4 and where m = 125.

¢ (in months) 1 6 12 18 24
E [Ng"”} 0.3480  2.073 4113  6.118  8.090
VaRoo g% (N,fm)) 13 39 55 66 74

In Table 5, we show the expected number of defaults E [Nt(m)] fort=1,3,6,12,

18,24 months when the individual default times are driven by a one-factor Gaussian
copula model with parameters as in Table 4 and where m = 125. So, from Table
5 we see that our one-factor Gaussian copula model implies that we expect, for
example, around 2 defaults in six months, 4 defaults in one year, and 8 defaults in
two-years. Consequently, this is also the number of jumps that we expect to occur
in our stock price up to each of these time points, where each jump has the expected

size of E[U] = % By our assumption of exchangeability, we have that E [Nt(m)] =
mP [; < t], so the individual default probabilities at ¢t = 1, 3,6, 12, 18, 24 months are
obtained from Table 5, by dividing the numbers for E [Nt(m)} with m. From Table

5 we also see that after 6 months there is a 0.1% probability of having 39 defaults
or more among the entities in the exogenous group, which are negatively affecting
the stock prices in our equity portfolio, and after 24 months (i.e. 2 years) there
is a 0.1% probability of 74 defaults or more among the entities in the exogenous
group, negatively affecting the stock prices in our equity portfolio, when using the
parameters in Table 4.

9. Numerical examples when the default times are driven by a Clayton
copula model. In the previous section, we studied the time-evolution of Value-at-
Risk for stock portfolios where the stock prices have jumps at default times driven
by a one-factor Gaussian copula model.

In order to aim for generality and robustness checking, it is of interest to also
study stock portfolio VaR values when the default times 71,7 ..., 7, are generated
by copulas other than the one-factor Gaussian copula model. Therefore, in this
section we perform similar studies as in Subsection 8.3, but now for a stock price
model where the default times are exchangeable, conditionally independent, and are
driven by a Clayton copula model. First, in Subsection 9.1 we briefly discuss the
model for the default times and present the parameters used in this framework. The
marginal default distribution F(¢) = P[r; < t] will in this section be the same as
in Section 8 for the one-factor Gaussian copula model. Furthermore, since we want
to compute the VaR-values under similar conditions as in the one-factor Gaussian
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copula model in Subsection 8.3, we will choose the parameters in the Clayton copula
model so that the one-year default correlation is the same in both models. With
the parameters fixed in Subsection 9.1, we also display related quantities, such as

the distribution of the number of defaults P Nt(m) = k|, etc.

Then, in Subsection 9.2 we consider a large portfolio with J = 150 stocks and then
use the LPA (large portfolio approximation) formulas in Theorem 5.2 to compute
VaR for this equity portfolio with parameters as in Subsection 9.1. We also compare
the stock portfolio VaR values in the Clayton copula case both with the Black-
Scholes case (no jumps) and when the default times come from a one-factor Gaussian
copula model.

9.1. The parameters and related quantities. In this section, we assume that
the stock prices Sy ; for all companies A1,..., A are given by Definition 4.1 where
Nt(m) = Z:’;l 1{7,<¢y and the default times 71,72 ..., 7 to the entities Cyq,...,Cyy,
are exchangeable, conditionally independent, and driven by a Clayton copula model.
Hence, the conditional default probability is the same for all entities Cy,...,C,,
and is given by
Plr;<t|Z]=exp(Z(1-F®)™")) (9.1.1)
where Z is a gamma-distributed random variable with parameters a = % and b=1
z % e
()
F (t) = P[r; <] is the marginal default distribution and is the same for all entities
due to the exchangeability. By using the fact that the Clayton copula belongs to
the family of Archimedean copulas, it is straightforward to prove that the default
correlation Corr (1{7—,;§t}7 1{Tj§t}) in a homogeneous group of obligors is given by

1
(i)~
F@t)(1-F(t))
and this relation can be used to benchmark the Clayton copula against other factor
models, as will be seen below. For more about the Clayton copula model, see [8,29]
or [40]. Furthermore, since the stock prices Sy ; are given by Definition 4.1, the
jumps U, ; in S; ; at the default times are i.i.d and exponentially distributed with

the parameter 17 > 0 the same for all companies A ;.

Since we want to compute the VaR-values under similar conditions as in the one-
factor Gaussian copula model in Subsection 8.3, we will use the same marginal de-
fault distribution F'(t) = P [r; < t] as in Section 8 for the one-factor Gaussian copula
model, see Table 6. Furthermore, given F(t) = P[r; < t], we choose the Clayton-
copula parameter 6 so that the one-year default correlation is the same as in the
one-factor Gaussian copula model used in Subsection 8, where VaR values for two
different correlation parameters p were studied, p = 0.3 = 30% and p = 0.6 = 60%.
While the Clayton copula model allows for an explicit expression of the default
correlation Corr (1{71.9}, 1y, St}) as stated in (9.1.2), there is no explicit formula

so that its density fz(z) is given by fz(z) = for z > 0. Furthermore,

Corr (Lr<ty, Lir<ty) = (9.1.2)

for Corr (1{Ti§t}, 1{7]5,5}) in the one-factor Gaussian copula model. However, it is
still easy to numerically compute Corr (1{7,;5:&}» 1{7_7.§t}) in the one-factor Gaussian
copula model, which for ¢ =1 and p = 30% gives Corr (1{7161}, 1{T3§1}) = 0.0812,
and for p = 60% with ¢ = 1 we get Corr (1{T¢S1}71{T,§1}) = 0.2467. Hence,
in this section we use two different parameters 6 corresponding to the two p-
parameters (p = 30% and p = 60%) in Subsection 8.3 so that these 6’s render
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the same values for the one-year default correlation Corr (1{7151}, 1{Tj§1}) when
using the formula in (9.1.2) with ¢ = 1. Thus, numerically solving for 6 in (9.1.2)
with the numerical values for the one-year default correlation coming from the one-
factor Gaussian copula model yields 8 = 0.169 in the Clayton copula case when
Corr (1{7161}7 1{TjS1}) = 0.0812, i.e. p = 30% in the Gaussian copula case, and
0 = 0.44 when Corr (1{7'7;S1}71{7'j§1}) = 0.2467, i.e. p = 60% in the one-factor
Gaussian copula model, see Table 6.

TABLE 6. The parameters and related quantities for the Clayton
copula model and the stock prices S;; where we let m = 125.

Clayton copula | m =125 0 =0.160,0 =044 F(t)=1—¢ M A=0.0335 P[r; < 1] =0.0329

S ‘ So=50 u=015 0 =02 pg =025 5=21.67(0=0.169) n=13.48(f = 0.44)

With the Clayton copula parameters in Table 6, we compute P [Nt(m) = k:} , and

Figure 14 plots, for m = 125, the time evolution of the distribution P [Nt(m) = k}
in log-scale where k = 0,...,125 and t = 1,2,...,20 days. The left panel in Figure
14 displays P [Nt(m) = k} for the case § = 0.169, while the right panel in Fig-

ure 14 shows P {Nt(m) = k} for 6 = 0.44. The plots in Figure 14 were generated
with the algorithms developed in [25], and in these figures we write ¢ in days, but

the actual computations of P [Nt(m) = k] are done with ¢ measured in units of

years. So, for example, 2, 6 and 20 days mean that ¢ is given by t = %, %,

and 225—02 in the formulas used for the computations of P [Nt(m) = k}, where we re-

mind that 252 is the average number of trading days on the US stock market.
By comparing the left panel in Figure 14 with the left panel in Figure 4 and the
right panel in Figure 14 with the left panel in Figure 11, we clearly see that the

Clayton copula model consistently creates higher probabilities P [Nt(m) = k] com-

pared with the one-factor Gaussian copula model, even when both copula-models
have identical marginal default distributions and the same one-year default corre-
lation Corr (l{ﬂgl}, 1{@51}) in both model comparisons, that is in the compari-
son 6 = 0.169 (Clayton) vs. p = 0.3 (Gaussian) and the comparison § = 0.44
(Clayton) vs. p = 0.6 (Gaussian). To further quantify the large differences in

probabilities P [Nt(m) = k‘} coming from the Gaussian and Clayton copula, we dis-

play VaRgg g% (Nt(m)> in Table 7 for a = 99.9% in both the Gaussian and Clay-

ton copula for § = 0.169,0 = 0.44 (Clayton), and p = 0.3,p = 0.6 (Gaussian).
From Table 7, we clearly see that the tail probabilities in the Clayton copula case
are much higher than in the one-factor Gaussian copula framework with the same
default probabilities and same one-year default correlation Corr (1{”@}, 1{Tj51}).

(m)

For example, after 5 days VaRgg g9 (Nt ) is twice as big as when 6 = 0.169

in the Clayton copula compared to the Gaussian copula with p = 0.3 (giving the
same one-year default correlation Corr (1{761}, 1{T_j§1}) = 0.0812). After 20 days,

there are VaRgg g9 (Nt(m)) = 21 defaults in the Clayton model compared with
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VaRgg 99, (Nt(m)> = 13 for Gaussian case (with same default probabilities and same
one-year default correlation Corr (1{77:31}7 1{7._7.§1}) = 0.2467).
The full time evolution at t = 1,2,...,20 of VaRy (Nﬁ”) for a = 95%, 99%,

and 99.9% are displayed in Figure 17 for Nt(m) driven by a Clayton copula, and
Figure 19 when Nt(m) is generated by a one-factor Gaussian copula.

PN{" = k] as fanction of t and k (in logscale) in Clayton copula model: m=125, theta = 0.44

120

120 = e
K 140 0 t(days) k 1400 t(days)

FIGURE 14. The time evolution of the distribution PP {Nt(m) =k

in log-scale for t = 1,2,...,20 days and £ =0, ..., 125 in a Clayton
copula model with parameters as in Table 6 where m = 125. Left
panel: For § = 0.169. Right panel: For § = 0.44.

Next, we turn to the parameters for the stock price model. Since in this section
we will only consider a homogeneous stock portfolio, all stock prices St 1,...,S5: 7
satisfy (4.34) in Remark 4.9, so that Sy j = So, p; = p, 05 = 0, and pg; = pg for all
firms Ay, ..., A in the stock portfolio. Furthermore, we let the parameters p and o
be same as in the CIR-model case studied in Section 7 and the one-factor Gaussian
copula model in Section 8 so that Sg = 50, = 0.15 = 15%, and o = 0.2 = 20%,
and the motivation for these values are given in Subsection 7.1, see Table 6. We
let the stock correlation parameter pgs be ps = 0.25 with the same motivation
as given in Subsection 8.1, see in Table 6. The jump parameter 7 is calibrated
so that condition (7.1.4) will hold, that is, n is calibrated so that the defaults
from the Clayton copula models “wipe” out the expected one-year log-growth for
a corresponding Black-Scholes model with drift g = 15% and where m = 125.
This is the same assumption as in Section 8, and will make our stock portfolio VaR
comparisons between the Clayton and Gaussian copula default models be somewhat
“fair”. With the default and stock parameters as in Table 6, we then get for the
case § = 0.169 that n = 21.67 via a numerical solver so E [U,, ;] = % = 0.0462, while

6 = 0.44 implies that n = 13.478 so that E[U, ;] = % = 0.0742, see Table 6.

9.2. VaR over a 20-day period for a large homogeneous stock portfolio
where jumps in stocks are due to default times driven by a Clayton
copula model. In this subsection, we study Value-at-Risk for a large homogeneous
portfolio of stocks as function of time over a 20-day period in time steps of one
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TABLE 7. The expected number of defaults E[Nt(m)} and

VaRgg 9% (Nt(m)> for t = 1,5,10, 15,20 days when individual de-
fault times are driven by a one-factor Gaussian copula and a Clay-
ton copula model with parameters as in Table 4 and Table 6 where
m = 125. Both copula models have the same marginal default

distributions and same one-year default correlations for each pair
p=0.3vs. §=0.169 and p = 0.6 vs. 8 = 0.44.

¢ (in days) 1 5 10 15 20
E [me] 0.0166  0.0829  0.1658  0.2487  0.3314
VaRgg.9% (Nt(m)) Gaussian, p = 0.3 2 5 8 11 13
VaRoo. 0% (Nf’")) Clayton, 6 = 0.169 3 10 14 18 21
VaRoo.o% (Nt(m)) Gaussian, p = 0.6 3 13 21 28 34
VaRgg 0, (Nt(’")) Clayton, 0 = 0.44 3 21 34 43 49

trading day. The stock prices in the portfolio have jumps occurring at default times
Ty, To ..., Tm which are exchangeable, conditionally independent, and are driven
by a Clayton copula model as discussed in Subsection 9.1 and with parameters
as in Table 6. We study VaR for a portfolio of J = 150 stocks by using the
LPA approximation formulas in Theorem 5.2, and we do our VaR studies for two
different levels of the parameter 6 in the Clayton copula model. First, in the left
panel of Figure 15 we display the time evolution of Value-at-Risk in % of V for
t =1,2,...,20 days in the case when S;; has jumps coming from default times
in a Clayton copula model with parameters as in Table 6, where the #-parameter
is set to 8 = 0.169 and n = 21.67. The right panel in Figure 15 displays the
same quantities as in the left panel, but now with Clayton parameter 6 = 0.44 and
where the stock-jump parameter is n = 13.48 so that condition (7.1.4) holds, just
as in the left panel of Figure 15. Comparing the VaR-curves in the left and right
panels in Figure 15, we see that the 99% and 99.9% VaR plots for § = 0.44 in the
right panel are much higher than the corresponding curves for § = 0.169 in the
left panel where n = 13.48, with the rest of the parameters the same as in the left
panel. For example, looking at the red line (99.9% VaR) in the right panel with
0 = 0.44, we see that after 20 days there is a 0.1% probability of having a loss in
the portfolio which is 97% or more than the initial portfolio value Vj at time ¢ = 0.
However, when § = 0.169 in the left panel, there is for the same time, that is, 20
days, a 0.1% probability of having a loss in the portfolio which is 59.9% or more
than the initial portfolio value V|, at time ¢t = 0. The big differences between the
curves for the same a-levels in the two panels are due to the fact that a Clayton

parameter 6 = 0.44 will create probabilities P {Nt(m) = k:} that are substantially

larger for lower k-values compared to the corresponding probabilities in the case
when 6 = 0.169, which is clearly seen when comparing the left and right panels in

Figure 14. From Figure 15, we also observe that the probabilities P [Nt(m) = k} in
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the Clayton copula model are higher than in the one-factor Gaussian copula model
displayed in the left panel of Figure 4 with p = 0.3 and the left subplot of Figure
11 with p = 0.6, with same marginal default distributions and the same one-year

default correlation Corr (1{Ti§1}, 1{T]S1}) as in the Clayton copula model (8 = 0.169
vs. p=0.6 and § = 0.44 vs. p = 0.3), and this explains the higher VaR values in

Figure 15 compared to Figure 9.

VaR (L) for LPA-I0SS of L =V;-V, in % of V; when all S,  jumps at defaults VaR (L) for LPA-I0sS of L =V, in % of V when all S,  jumps at defaults
and E[S, ]=S, for T=1year, m=125: Clayton copula case, theta=0.169 and E[S, ]=S, for T=1year, m=125: Clayton copula case, theta=0.44
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FIGURE 15. The time evolution of Value-at-Risk (in % of V) com-
puted with the LPA formula in Theorem 5.2 for ¢t = 1,2,...,20
days of a homogeneous portfolio with J = 150 stocks, which has
jumps in all stock prices at default times driven by a Clayton cop-
ula model with parameters as in Table 6 where m = 125. In both
panels, condition (7.1.4) holds, i.e. E[Sr ;] = Sy. Left panel: For
0 = 0.169. Right panel: For § = 0.44.

The curves for a = 95% and 99% VaR plots in Figure 15 show a non-smooth
pattern which follows from the same arguments given in Subsection 8.3 regarding
the plots in the left and right panels of Figure 9 compared with the middle and
right panels in Figure 19 on p.66. Hence, the non-smoothness in the left and right
panels of Figure 15 follows the same time pattern as in the left and right panels
of Figure 17, which displays the time evolution of Value-at-Risk for the default
counting process Nt(m) driven by a Clayton copula model with parameters as in
Table 6 where m = 125.

Next, in the two panels in Figure 16 we display the time evolution of the relative
difference of Value-at-Risk (in %) for t = 1,2, ..., 20 days between a stock portfolio
with jumps as in Figure 15 using the LPA-formula (5.5) in Theorem 5.2 and the
standard Black-Scholes case, i.e. without jumps, given by in the right panel of
Figure 11 computed with the Black-Scholes LPA-formula in Equation (5.30) with
parameters as in Table 6. As can be seen in Figure 16, the differences between the
jump vs non-jump VaR-cases are huge. For example, the 99.9% VaR for § = 0.44 in
the right panel is for some time points around 4000% higher than the corresponding
99.9% VaR values in the Black-Scholes portfolio case. In our VaR computations
in Figure 16, we use the same truncation techniques for the LPA portfolio loss

distributions as discussed in Subsection 7.3.
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Relative difference (in %) between LPA-VaR (L) and LPA-VaR(%(L,)m=125 : Clayton copula case, theta=0.169 Relative difference (in %) between LPA-VaR (L) and LPA-VaR (L )m=125 : Clayton copula case, theta=0.44.
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FIGURE 16. The time evolution of the relative difference of Value-
at-Risk (in %) for t = 1,2,...,20 days between a stock portfolio
with jumps as in Figure 15 using the LPA formula in Theorem
5.2 and the standard Black-Scholes case, i.e. without jumps, given
by right panel in Figure 11. The relative difference is measured
with respect to the Black-Scholes case. All parameters for the
jump-model are as in Figure 15. Left panel: For § = 0.169 and
n = 21.67. Right panel: For § = 0.44 and n = 13.48.
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FIGURE 17. The time evolution of Value-at-Risk at t = 1,2,...,20
days for the default counting process Nt(m) driven by a Clayton
copula model with parameters as in Table 6 where m = 125. Left

panel: For 8 = 0.169. Right panel: For § = 0.44.

Finally, we can use Figure 16 together with Figure 10 to compare the VaR in
stock portfolios with jumps at defaults coming from a Clayton copula compared
to corresponding VaR values when jumps are generated by defaults coming from a
one-factor Gaussian copula model. For example, from the left panel in Figure 10
we see that, in a Gaussian copula model with p = 0.3, the relative difference will
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never exceed 1300% of the 99.9% VaR values in the Black-Scholes portfolio case in
the first 20 trading days, while for the Clayton copula with § = 0.169 (which has
the same one-year default correlation as the Gaussian copula model with p = 0.3),
we see from the left panel in Figure 16 that the relative difference will constantly
exceed 1800% of the 99.9% VaR values in the Black-Scholes portfolio from the fourth
trading day up to at least trading day 20. The differences are even higher when we
compare the Gaussian copula case with p = 0.6 vs. the Clayton copula model with
0 = 0.44, see the right panel of Figure 10 compared with right panel in Figure 16.

10. Numerical comparison against Kou model with only negative jumps.
The numerical studies in Sections 7, 8, and 9 considered VaR-values for stock port-
folios in the case where the jumps in the stock prices were triggered by defaults from
an exogenous group of m entities Cy, ..., C,, for different credit portfolio default
models. Then, in Sections 7, 8, and 9 we also compared these jump-at-default stock
portfolio VaR, values with corresponding VaR metrics coming from an equity model
without jumps, that is, a Black-Scholes portfolio setting under the real probability
measure. However, as mentioned in Section 6, comparing our jump-at-default stock
price model with only a non-jump stock model will in our view not be fully fair. We
believe it is equally important to compare our stock price model containing jumps
at defaults with other equity models that includes jumps in the stock price driven
by, e.g., a Poisson process. Therefore, in this section we will compute VaR for a
stock portfolio model derived from the Kou model, [32], restricted to only having
negative jumps, as outlined in Section 6, and then compare these VaR-values with
the corresponding VaR-metrics coming from our jump-at-defaults model for a one-
factor Gaussian copula model as outlined in Section 5. In this section, we only
focus on homogeneous stock portfolios, just as in Subsection 8.3 for the one-factor
Gaussian copula model.

First, in Subsection 10.1 we briefly discus how we choose the parameters in
the restricted version of the Kou model (6.1) used for our VaR-studies. Then, in
Subsection 10.2 we consider a large portfolio with J = 150 stocks and use the
LPA (large portfolio approximation) formula (6.5) given in Corollary 6.1 for the
Kou model (6.1) to compute VaR for this equity portfolio with parameters as in
Subsection 10.1. We also compare the stock portfolio VaR-values in the Kou model
with the corresponding VaR-metrics in the stock price model with jumps at defaults
generated by a one-factor Gaussian copula model.

10.1. The parameters in the Kou model with only negative jumps. We will
consider a homogeneous stock portfolio so that condition (4.34) is satisfied, that is,
So,; = So, ptj = 1, 05 = p, and ps; = pg for all firms Aq,..., Ay, which implies
that the stock prices St(ﬁ), St(g), cee Sﬁﬁ]) in the Kou model (6.1) are exchangeable.

Furthermore, the numerical values of ng””j) = Sy, the drift u, volatility o, and “stock-
correlation” pg are chosen to be the same as in one-factor Gaussian copula model
used in Subsection 8.2, and are given Table 4, see also in Table 8 below. So, what is
left to determine is the numerical value of the parameters A, and 7, in the restricted
version of the Kou model St(,l;) given by (6.1). Here we remind that A, is the rate
i
downward exponentially distributed jump-size in Sg:}) as stated by (6.1). To find
A and n,, we will use the method outlined in Section 6 and given by (6.6) or

for the Poisson process driving the jumps in Sé and 7, is the parameter for the
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(7.1.4), that is, E [S(TNJ)} =Sy =E[Sr;] and E[N;] = E [N%m)] for two arbitrary

fixed time points T and T, but where here we let T =T = 1 year. Recall that
the condition E [Sj(f])} = Sy implies, just as in (2.32), that the downward jumps

in the Kou model St(ﬁ) at the jump times of the Poisson process Ny “wipe” out
the expected log-growth for a corresponding Black-Scholes model with drift g up to

time T, see also Equation (6.4). Furthermore, we observe that E [N;] = E [N%m)}

means that the expected number of jumps by the point processes N; and Nt(m)

will be the same up to time 7', which for Nt(m) is the same as saying that the
expected number of defaults in the group Cy,...,C,, up to time T will be given
by E[Nz] = A.T. As discussed in Section 6, if the default times 71,7 ..., Ty for
Cq,...,C,, are exchangeable with default distribution F'(t) = P[r; < t], then the

condition E [Nz] = E [N%m)} can be reformulated as AT = mF(T). Furthermore,

if the exchangeable default times 71,72 ..., 7, have constant default intensity A so
that F(t) = P[r; <t] = 1—e~*, then Equations (6.6) - (6.10) in Section 6 together
with 7' = 1 year renders that A\, and 7, are given by (see also (6.10))

Ae=m(l—e?) and 7, = %—1. (10.1.1)
Note that the calibration of A, and 7, in (10.1.1) will not involve any of the depen-
dence parameters describing the default times in the stock price model with jumps
at defaults generated by Nt(m). Hence, the condition (10.1.1) can be used for any
exchangeable factor copula model or intensity based model that will be compared
with the Kou model (6.1). In this section, we will only use the one-factor Gaussian
copula model in our comparison with the Kou model (6.1), and we will use two
different values of the default correlation parameter p, namely p = 0.3 and p = 0.6,
just as in Subsection 8.3, see Table 8. The stock-jump parameter 7 in the Gauss-
ian copula case are same as in Subsection 8.3, that is, n = 21.98 for p = 0.3, and
7 = 13.92 when p = 0.6, see also Subsection 8.3.

TABLE 8. The parameters and related quantities for the one-factor
Gaussian copula model and the stock prices St(g-) in Kou model (6.1)
with only negative jumps calibrated via (10.1.1).

Gauss copula ‘ m=125 p=03,p=06 F(t)=1—e A=0.0335 P[r <1]=0.0329

Kou model 8% | Sy =50 w=0.15 0=02 pg=025 \,=4.1125 N, = 26.4167

10.2. VaR over a 20-day period for a large homogeneous stock portfolio
where jumps in stocks are due to Kou model with only negative jumps.
In this subsection, we study Value-at-Risk for a large homogeneous portfolio of
stocks as a function of time over a 20-day period in time steps of one trading day
where the stock prices in the portfolio are modeled as in Equation (6.1) in Section
6, which is similar to the Kou model, [32], restricted to only having negative jumps.
Thus, the stock prices in St(;) in (6.1) will be the same as in [32], but here with

only negative jumps and where we extend [32] to a portfolio setting so that St(;)

are correlated via a Brownian motion (a factor process) W o and a Poisson process
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N, that is the same for all stocks in the portfolio and with parameters as in Table
8. In the modified Kou model (6.1), we then study VaR for a portfolio of J = 150
stocks by using the LPA approximation formula in Corollary 6.1 and also compare
these VaR values with corresponding VaR values in a portfolio with stocks which
has jumps in all stock prices at default times driven by a one-factor Gaussian copula
model, that is, Definition 4.1 where Nt(m) is the counting process for a one-factor
Gaussian copula model with m entities (see also in Subsection 8.3).

The left panel in Figure 18 displays the time evolution of Value-at-Risk (in %
of V) computed with the LPA formula in Corollary 6.1 for ¢ = 1,2,...,20 days
of a homogeneous portfolio with J = 150 stocks in the Kou model (6.1) with only
negative jumps and parameters as in Table 8. The middle and right panels in
Figure 18 display the time evolution of the relative difference of Value-at-Risk (in
%) for t = 1,2,...,20 days between a stock portfolio modeled by the restricted
Kou model (6.1) given in the left panel and a homogeneous portfolio with J = 150
stocks which has jumps in all stock prices at default times driven by a one-factor
Gaussian copula model with m = 125 and parameters as in Table 4 with default-
correlation parameter p = 30% (middle panel) and p = 60% (right panel). The
relative difference in Figure 18 is measured with respect to the Kou model (6.1), and
the VaR curves of the one-factor Gaussian copula model are displayed in Figure 9.
Thus, the middle and right panels in Figure 18 are obtained by taking the difference
of the graphs in the left panel of Figure 18 and the corresponding graphs in the
left and right plots in Figure 9 divided by the graphs in left panel of Figure 18
and then multiplied by 100 to express the relative difference in units of percent.
Recall from Subsection 10.1 that the parameters in Figure 18 are chosen so that
E {ngj)] =Sy =E|[Sr;] and E[Ny| = E [Nr}m)} for T'=1 year, and this choice of
the parameters in the restricted Kou model (6.1) will hopefully make the comparison
with the jump-at-default model in Definition 4.1 where Nt(m) is driven by a one-
factor Gaussian copula model somewhat financially “fair”.

From the middle and right panels in Figure 18, we clearly see that the stock
portfolio VaR values coming from the one-factor Gaussian copula model are much
higher for the 99% and 99.9% cases the first 20 days compared to the correspond-
ing VaR numbers in the restricted Kou portfolio model (6.1), even though all the
portfolios have the same expected values for the individual stock prices after one
year, and the same expected number of jumps after one year. For example, in the
right panel in Figure 18, we see that after 9 trading days, the 99.9% VaR coming
from a jump-at-default stock model driven by a one-factor Gaussian copula model
with p = 60% will be 830% bigger compared with the corresponding Kou portfolio
model (6.1) on the same day. Similarly, in the in the middle panel of Figure 18, we
see that after 20 trading days the 99% VaR coming in the form of a jump-at-default
stock model driven by a one-factor Gaussian copula model with p = 30% will be
302% bigger compared with the corresponding Kou portfolio model (6.1) on the
same day.

As seen in Figure 19, the main reason for the significantly bigger stock portfolio
VaR values in the jump-at-default equity model in Definition 4.1 where Nt(m) is
driven by a one-factor Gaussian copula compared to the Kou portfolio model (6.1)
with jumps at a Poisson process N; are due to the much larger tail behavior of

Nt(m) compared with the tail characteristics of Ny even though E [N7] = E [N}m)}
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VaR{*(L,) for LPA-loss of L =V, in %6 of V, where jumps in all S{7 are due to a Relative difference (in %) between Poisson LPA-VaR'®(L,) and Relative difference (in %) between Poisson LPA-VaR *(L,) and

common Poisson process N, with intensity 4.1125 and where E[S(]=S, for T=Lyear  Gaussian copula LPA-VaR, (L) m=125,tho=0.3 with E[S, ]=S, for T=1 year Gaussian copula LPA-VaR (L )m=125, rho=0.6 with E[S ]=S, for T=1year
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FIGURE 18. Left panel: The time evolution of Value-at-Risk (in
% of V) computed with the LPA formula in Corollary 6.1 for ¢ =
1,2,...,20 days of a homogeneous portfolio with J = 150 stocks in
the Kou model (6.1) with only negative jumps and parameters as
in Table 8. Middle and right panel: The time evolution of the
relative difference of Value-at-Risk (in %) for ¢t = 1,2,...,20 days
between a stock portfolio with jumps as in the Kou model in the left
panel and Figure 9, which displays VaR for a portfolio with stocks
which has jumps in all stock prices at default times driven by a one-
factor Gaussian copula model with m = 125 and parameters as in
Table 4 with default-correlation parameter p = 30% (middle panel)
and p = 60% (right panel). The relative difference is measured
with respect to the Kou model (6.1). In all panels, it holds that

E [S(THJ)} =Sy =E[Sr;] and E[Ny] =E [N}m)} for T =1 year.

VaR_(N) when N, is a Poisson process with intensity = 4.1125 VaR, (N{™) when m=125: Gaussian copula case, rho=0.3 VaR, (N{™) when m=125: Gaussian copula case, h0=0.6
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FIGURE 19. The time evolution of Value-at-Risk at t =1,2,...,20
days for Poisson process N; with intensity 4.113 (left panel) and
default counting process Nt(m) driven by a one-factor Gaussian cop-
ula model with m = 125 and parameters as in Table 4 and default-
correlation parameter p = 30% (middle panel) and p = 60%
(right panel).

for T'=1 year. The left panel in Figure 19 displays the time evolution of Value-at-
Risk at t = 1,2,...,20 days for a Poisson process N; with intensity 4.113 (so that

E[Nr] = E [Ném)} for T = 1 year), while the middle and right panels in Figure
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19 plot the corresponding VaR values coming from default counting process Nt(m)
driven by a one-factor Gaussian copula model with m = 125 and parameters as in
Table 4 and default-correlation parameter p = 30% (middle panel) and p = 60%
(right panel). In Figure 19, we see that VaRgg g9 (IV;) for the Poisson process Ny
will never exceed 3 jumps the first 20 trading days, while for Nt(m) driven by the one-
factor Gaussian copula model, the VaRgg 9o (Nt(m)) will steadily increase up to 13

jumps, i.e. 13 defaults, the first 20 trading days when p = 30% and up to 34 jumps,
i.e. 34 defaults, when p = 60% during the same period. These are huge differences
compared to the Poisson model V¢, even though it holds that E[Ny] = E {N:(Fm)}
for T = 1 year and is also explaining the large differences for the corresponding
stock portfolio VaR values displayed in the middle and right panels of Figure 18.
Of course, the differences in the middle and right panels in Figure 18 will be even
higher if p is increased, or if we use a Clayton copula for the default times that
create Nt(m) with, e.g., parameters § = 0.169 or § = 0.44, as seen in Section 9.

Appendix A. Proof of Proposition 2.6, Theorem 2.14, Corollary 4.11
and Corollary 6.1. In this appendix, we first give a proof of Proposition 2.6 in
Subsection A.1, and then a proof of Theorem 2.14 in Subsection A.2. A proof of
Corollary 4.11 is given in Subsection A.3, and finally Corollary 6.1 is proved in
Subsection A.4.

A.1. Proof of Proposition 2.6.

Proof. Let F}V = o(Wy;s < t) be the filtration generated by the Brownian motion
W; and let H! = o (1{”3‘;}; s < t) be the filtration generated by each default time

7;, and define the sigma-algebra V as V =o¢ (Vl, ceey Vm> Next, we define the full
filtration F; as

m
Fo=F"v\/HivV. (A.1.1)
i=1
Then, Y; in Definition 2.1 is a semimartingale with respect to the filtration F;. To
see this, first note that since W; is a Brownian motion, it is a martingale with respect
to its own filtration F}V. But, due to Definition 2.1 the process W; is independent
of 71,72 ..., 7m and V4,..., Vi, so W, will also be a martingale with respect to the
full filtration F; given by (A.1.1). Hence, from (2.2) we see that Y; can be written
as a sum of local martingale with respect to F;, that is, W, and a finite variation
process, i.e. ut + ZZL Vil{ngt} since V; have bounded expected values. From
Theorem 1 on p.102 in [45], we therefore conclude that Y; is a semimartingale with
respect to the filtration F; defined as in (A.1.1). Next, we note that the differential
form (2.1) can be rewritten as

t
S, = S0+/ S,_dY, (A.1.2)
0

and letting S; be given by S; = SyS;, then (A.1.2) can be rewritten as

t
S0S; = S (1 +/ S’SdYS)
0
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that is,
t
S, =1 +/ Sy_dYs. (A.1.3)
0

Hence, if we can find a solution to S; in the SDE (A.1.3), then a solution to S; in
(A.1.2) is obtained from the relation S; = SS;. Thus, for notational convenience

we will without loss of generality assume that Sy = 1 and drop the tilde notation
in (A.1.3) so that we have

t
Sy = 1+/ S,_dY,. (A.1.4)
0

Next, from Theorem 37 on p.84 in [45], we conclude that S; in (A.1.4) is a semi-
martingale given by

5= (i- 3 7E) [T 0+ av)en-ar)  (a15)
0<s<t

where, as usual, [Y,Y]; denotes the path-by-path continuous part of the quadratic
variation [Y,Y],, see p.70 in [45]. Since ut 4+ oW, is a continuous process, we have

Yi=pt+ oW+ Vilircyy =pt+oWi+ Y AY, (A.1.6)
i=1 0<s<t
so that
1 c 1 c
exp (Yt 3 Y, Y]t> =exp [ pt + oWy — 5 Y, Y], + Z AY; | . (A.1.7)
0<s<t

Furthermore, note that

H (14+ AY;)exp (—AY;) =exp | — Z AY, H (1+ AYy) (A.1.8)

0<s<t 0<s<t 0<s<t

and from the definition of a Brownian motion and since [Y,Y]; is the continuous
part of the quadratic variation [Y,Y],, we get

[V, Y], = o?t. (A.1.9)
So, (A.1.7)-(A.1.9) in (A.1.5) then gives

1

St = exp <(u 202)t+0Wt) H (1+ AYy) (A.1.10)
0<s<t
and in view of (2.2) we have
H (1+ AY;) = H (1 + Vil{ﬂ.gt})
0<s<t i=1

so that (A.1.10) can be rewritten as

1
Sy = exp <(u — 202) t+ JWt>

m
1=

| (14 Vil rizny) - (A.1.11)



RISK MANAGEMENT OF STOCK PORTFOLIOS 69

Recall that we set Sop = 1, but from the arguments leading to (A.1.3), we can let
So be an arbitrary positive constant, and using this in (A.1.11) finally gives

Sy = Sy exp ((M — ;0-2> t+ O‘Wt> H (1 + ‘zl{vigt})

i=1

which proves (2.3), and this concludes the proposition. O
A.2. Proof of Theorem 2.14.

Proof. We start with P[S; < z] and note that

Pwﬁgﬂzfﬁﬂ&gxu%mzkhﬂNﬁkzﬂ (A.2.1)
k=0

where Corollary 2.13 implies that

ﬂ&gﬂmwzﬂ

k
=P lSoexp <<ﬂ— ;g2> t+ oW, — ZU”>

n=1

N™ =k (A.2.2)

From Definition 2.1, we know that W; is independent of the default times 7,75 ...,
Tm, and from Definition 2.10, we also know that the sequence Uy, ..., U,, is inde-

pendent of 71,75 ..., 7. Thus, the process Nt(m) is independent of both W; and
Ui,...,Uny, which in (A.2.2) gives

k
1
P [Soexp ((,u— 202)t+0Wt—ZUn> <z

n=1

k
=P lSoeXp <<ﬂ202>t+0WtZUn> SI]

n=1

MW=4
(A.2.3)

and the right-hand side of (A.2.3) can be simplified to

k
So exp <<u202>t+JWtZUn> §x]

n=1

k
1
:P[aWt—ZUngln;O—(u—QUQ)t] .

n=1

P

(A.2.4)

Let X and Gj be independent random variables, where X is a standard normal

random variable and Gy is a gamma-distributed random variable so that Gy 4

Gamma(k,n) where, k > 1 is an integer. Then, we note that

k
oW, £ ovtX  and Z U, LG, < Gamma(k,n) (A.2.5)

n=1

where the last equality follows from the fact that a sum of k£ independent ex-
ponentially distributed random variables all with parameters 1 has distribution
Gammal(k,n). From Definition 2.10, we know that Uy,...,U,, are independent of
Wy, which motivates why X and Gy, in (A.2.5) are independent random variables.



70 ALEXANDER HERBERTSSON

Next, let U and V be independent random variables with distributions Fy(u) and
Fy (v). From standard probability theory, we know that

PU+V <z|= /FU(z —v)dFy (v) (A.2.6)

see Theorem 2.1.1 on p.47 in [15]. If we define U and V as
U=oVtX and V=-Gy (A.2.7)
where X and Gy, are the same as in (A.2.5), then we have that

Fy(u) =@ (u> and Fy(v)=1-Fg,(—v) where v € (—0c0,0]
oVt
(A.2.8)
so that
dFy(v) = fg,(—v)dv  for v € (—00,0] (A.2.9)
where Fg, () and fg,(x) are the distribution function and density function to
G L Gammal(k,n), and as usual ®(z) is the distribution function to a standard
normal random variable. Now, (A.2.7), (A.2.8) and (A.2.9), in (A.2.6) then renders
as

P {a\/ZX — Gy < z} = /Ooo o <:/%’) o (—v)dv (A.2.10)

and by making the change of variables y = —v in (A.2.10), the integral on the
right-hand side of (A.2.10) can be rewritten as

P oViX — Gy < 2] = /Oooqa <Z+y> fer(y)dy. (A.2.11)

oVt

By letting 2 = In & — (p — %0'2) and fg, (y) = % in (A.2.11), together
with the relation (A.2.5), we get for any integer k£ > 1 that the right-hand side of

(A.2.4) can be written as

k
T 1,5
P [aWt—;Un Slns—o - (M—QU )t]
© (I —(p—50H)t+ =1y (py)F 1
0 oVt (k—1)!

By combining (A.2.3) and (A.2.4) with (A.2.12), we get for for any integer k > 1
that

k
1

n=1

N™ = k]

= \Ilk (xatapﬂ g, 50377) (A213)
where the mappings Uy, (z, ¢, u, o, u,n) for u > 0 are defined as

\I/k, (I, t7 K, 0, U, 77)

o0 e — (u—L1s2)¢ —ny k-1
:/ ) ( D (M 27 ) * y) ne” " (ny) dy for integers k > 1.
0

oVt (k—1)!
(A.2.14)
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When k = 0, we have no defaults, and thus there are no jump-terms in the expo-
nential expression of (A.2.3), implying that (A.2.3) reduces to

1
P [S’oexp ((u— 202) t—&—aWt) <z

where U (z,t, u, 0, u,n) for u > 0 is defined as

1
Vo (z,t, p,o,u,n) =P {u-exp((u— 202>t+th> Sx}

InZ%— (u—1La2)t

:«p(n" (= 57%) ) . (A.2.16)
oVt

Thus, (A.2.13) - (A.2.16) together with (A.2.1) and (A.2.2) implies that

Nt(m) - O:| - lI/0 (xatalJ/a(L 50777) (A215)

m
P[S; <a] =Y Wy (x,t,p,0,5,n)P [Nt(m) = k:]
k=0
which proves (2.18), (2.19), and (2.20). Next, consider the loss distribution

Fos(z) =P [Lgs) < x] From the definition of L§S) in (4.9), after some trivial

computations, we get that

FES)(z):P[Lgs)SI] 1[?{&311'}

i (A.2.17)

and we can therefore reuse the formula for P [S; < z] in (2.18) by letting Sy =1 in
(2.18), and replace z in (2.18) with 1 — 5, rendering that

P{LES) gx} — 1—20% (1-5{),@;4,0,1777)1@{1\15"’) :k}

which proves (2.18). Next, we prove the expressions for the density fs, (x) to S;
and first note that fs, (z) = -LP[S, < z], so (2.18) then implies that

m 9 .
fo. (@) = 37 =W (@,t, 1,0, 50,m) P [Nf ) = k} . (A.2.18)
k=0
Next, we define ¥y, (z,t, u, 0,59, 1) as
0
wk (m,t,,u, a, SOan) = %qjk ($7ta,u70'a ‘5’077]) (A219)

and for k > 1 with > 0,¢ > 0, we then get from (A.2.14) and (A.2.19) and some
elementary computations that

,(/)k (xa t7/’('7 ag, SOa 77)

1 © fInZ —(u—1L0?)t+ =1y ()1
= 7/ ¥p %o (M 2 ) v ne (ny) dy for 0<k<m
zovt Jo oVt (k—1)!

(A.2.20)

562 . . .
where p(z) = \/%6*7 is the density of a standard normal random variable. In the

same way, (A.2.16) and (A.2.19) imply that ¥g (z,t, 1, 0, So,n) for Sop > 0,z > 0,
and t > 0 is given by

1 In& — (p—102)t
Yo (z,t, 1, 0,80,m) = < & =5 . (A.2.21)

voi
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Hence, (A.2.19) with (A.2.20)-(A.2.21) inserted into (A.2.18) proves (2.22) - (2.24).
Finally, we note that

E[S:] = zm:E [St | N{™ = k] P [Nf"” - k] (A.2.22)
k=0

where Corollary 2.13 implies that

k
1
2 [St|Nt(m) = k} =E lSoexp ((u— 202> t+ oW, — ZUn> ‘me) —k

n=1
(A2.23)
By using exactly the same arguments which led to the right-hand side in (A.2.3),
we have that

k
1 m
E lSoexp ((u — 202> t+oW; — Z Un> Nt( ) _ k‘]
n=1
1 k
=E |Syexp <(u — 202) t+ oW, — ; Un> . (A.2.24)
Furthermore, since W; are independent of the jump terms Uy, ..., U,, we get that
the right-hand side of (A.2.23) can be rewritten as
1 k
E lSO exp ((u — 202> t+oW, — T; Un>
1
=E {So exp ((u — 202> t+ O'Wt>:| E {ei Yo U”] . (A.2.25)
From standard Black-Scholes theory, we have
1
ror((r o) s o
and from (A.2.5), we also note that
k
- fx: Un = -Gk = — 7"7
E {e ! } E[e6%] = La, (1) <n ! 1) (A.2.27)

where L¢ (s) is the Laplace transform to Gy, < Gammal(k,n) with £ > 1 and n > 0
obtained from the moment generating function Mg, (s) via the relation Lg,. (s) =

k
Mg, (—s), and where standard probability theory gives us that La, (s) = (nj—s)

for s > —n. Hence, combining (A.2.24)-(A.2.27) and inserting these relations in
(A.2.23) for integers k = 1,2,...,m, we get

k
E [St |NO™ = k] = Spett (7711) (A.2.28)

0
and since (#) = 1, then (A.2.28) will also hold for k¥ = 0. Thus, (A.2.28) for
kE=0,1,...,m in (A.2.22) implies that

m k N{™
— ut n (m): — ut n
E[S] = Soe k§:0: <n+1> P[Nt k] Soel'E (77+1>
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which proves (2.17). Finally, by using (A.2.28), we have

]E{SﬂN,fm)} E[StUV( ™= ] 1{N§m>:k}

k
n
o (1) 1)

Nm)
= Soe“t 777 t
n+1

which together with (A.2.28) proves (2.16), and this concludes the theorem. O

M: I

=~
I

A.3. Proof of Corollary 4.11.

Proof. From (4.21) in Theorem 4.8, we have

J J
x X
FLtAV(ZL'):]P)[LtAVSx]:]_—]P) j:EIXt’jS_Sio 1-P j:51Zt’j§_§0
(A3.1)

since there are now jumps, where Z; ; is defined as in (4.23) in Theorem 4.8. Now,
(4.33) and (4.25) in Theorem 4.8 with some elementary computations together with
the standard normal symmetry property 1 — ®(—y) = ®(y) then imply that

Si0+2j:1 (nj—303)t
\/t<<Zj—10jPS,J) +Za 19; (1'05]))

where ® (x) is the distribution function of a standard normal random variable,
and this proves (4.40). Furthermore, from the definition in (4.37), we know that
VaRq (L) = Fav(a), so this with the distribution of Fyav(z) in (4.40) will
then after some trivial computations yield that

PLpY <z]=@

VaR, (L)

2

J J
_ 1
=so | || (S| + X0t (1-a,) |0 @2 (- go2)
Jj=1 j

Jj=1 Jj=1

which proves (4.41). Finally, if we set the portfolio weights to w; = 1 for all

companies A1,..., Ay, and if their stock prices St( 1, S(BS) also satisfy (4.34)
in Remark 4.9, we get an equally value-weighted portfoho where So,; = So,1tj =
w,0; = o, and pg; = pg for all firms A;,..., Ay, and using this in (4.40)-(4.41)
with some computations gives us expressions (4.42)-(4.43), which concludes the
corollary. O
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A.4. Proof of Corollary 6.1.

Proof. First, identical computations to those that lead to (A.2.28) in the proof of
Theorem 2.14 gives us

(1) n *

IE[ "IN, _k:} = Sp.; et £ . A4l

St t So,j € (Un 1> ( )

Furthermore, using (A.4.1) with similar computations as in the proof of Theorem
2.14 then gives us that

Nt} - iE [Sff;’

E [S(:{_)

N, = k] 1N =k}

0o k
jt 77/{
= Soet <nﬁ n 1) LN =k}

Nt
. 7’}{
= 5Sh pit (R
03¢ <7]~+1>

which, together with (A.4.1), proves (6.3). Next, note that
£ [ss] - S [y
k=0

so inserting (A.4.1) into (A.4.2) together with P [N; = k] = e_’\Nt% then gives
that

N, = k] PN, = k] (A.4.2)

E S(H) _ = S pt Nk g —Axt ()‘Ht)k
[t’j}_z 0.7 ¢ Ne + 1 c k!
k=0

N WA |
— Sy ety (7777 +1> =
k=0 N1 (A.4.3)

ARl
= So,jexp ((1 — Ax)t) exp (:77 )

A
= 5o exp ((“_ e + 1) t)

which proves (6.4). Next, we prove (6.5), and first note that if the stock portfolio

is homogeneous so that condition (4.34) holds, then S(g'fj) = S0, 1tj = p,05 = o, and
ps,j = ps for all firms Ay, ..., Ay so that the S’t(ﬁ), St(g), ey St('i"]) are exchangeable.
Then, we observe that (5.12) - (5.19) in Theorem 5.2 will also hold if Nt(m) is

replaced by a Poisson process Ny, and this fact will for large J therefore yield

P [Lf’” < x]

N,
1 ” ¢
~P lJSo (1—exp ((u— 202p25)t+apsWt,o) (77 77+1> ) <z
K

(A.4.4)
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Using (A.4.4) with similar steps as in (5.20) - (5.22) with P[N; = k] = e~ Ant Qut)®
then implies that

k!

P [L,‘f’” < x]
k
x +1 1 2 2
oy (R0 ) () -0 e
%1—26_ " ' LiiJ for large J
k=0 k! UPS\/’E
which proves (6.5), and this concludes the corollary. O
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